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Inertial Manifolds and Nonlinear Galerkin Methods

Denis C. Kovacs

(ABSTRACT)

Nonlinear Galerkin methods utilize approximate inertial manifolds to reduce the spatial
error of the standard Galerkin method. For certain scenarios, where a rough forcing term is
used, a simple postprocessing step yields the same improvements that can be observed with
nonlinear Galerkin. We show that this improvement is mainly due to the information about
the forcing term that is neglected by standard Galerkin. Moreover, we construct a simple
postprocessing scheme that uses only this neglected information but gives the same increase
in accuracy as nonlinear or postprocessed Galerkin methods.
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Chapter 1
Introduction
Dissipative evolution equations are time-dependent, typically nonlinear and autonomous
partial differential equations (PDEs) that include a linear damping term. We can write
them as an abstract initial value problem
ut + Au + N(u) = 0,
where u ∈ H and H a (separable) Hilbert space. A is a linear dissipative term and N(u) is
the nonlinear part. Possible boundary conditions are assumed to be enforced by H.
Many PDEs obtained from models of chemical processes or physical phenomena can be written in the above form: popular examples are reaction-diffusion-equations, pattern formation
equations like the Cahn-Hilliard equation, the Kuramoto-Sivashinsky equation and Burgers’
and the Navier-Stokes equation.
The numerical solution of a dissipative evolution equation is challenging in several ways. To
be numerically tractable, the equation has to be discretized, both in space and time:
• Spatial Discretization After introducing a basis of the underlying Hilbert space,
the PDE can be written as an infinite-dimensional (abstract) ODE. The standard approach of Galerkin approximations is to project the equation onto a finite-dimensional
subspace. There are many competing criteria in the choice of this subspace. A natural
criterion is the approximation quality: clearly it is desirable to approximate the solution accurately by as few basis functions as possible. However, for fast solvers, other
criteria like orthonormality and little overlap of the domains of basis functions can be
just as important.
• Temporal Discretization The ODEs obtained by spatial discretization are solved
numerically by approximating the solution on a discrete temporal grid. When integrating ODEs obtained by discretizations of dissipative PDEs, one is faced with the
problem of stiffness. Explicit time integrators are impractical in this case, as the time
1

2
step they require for stability is too small. The remedy is either to transform the ODE
in some way to get rid of stiffness, or to use implicit solvers, that do not suffer from
the severe restrictions on the time step size, but are more costly than explicit methods
(Chapter 6.3).
The main focus of this thesis is spatial discretization. Standard Galerkin methods project
the PDE onto a “flat” subspace spanned by a finite number of basis functions. Due to this
projection the component in the orthogonal complement is completely neglected.
The central idea of nonlinear Galerkin methods is not to ignore the orthogonal complement,
but rather tie it to the finite-dimensional component. The effect of this is a projection of
the equations onto a manifold instead of a flat subspace.
The motivation for this approach comes from infinite-dimensional dynamical systems theory.
Under certain conditions (Section 4.3) it can be shown that a finitely parametrized manifold
(an inertial manifold ) exists with two remarkable properties: trajectories starting on the
manifold stay on it for all positive times (the manifold is said to be invariant under the
flow), and all trajectories starting off the manifold are attracted to it at an exponential rate.
Unfortunately, the existence proof is non-constructive, and we are left clueless on where
exactly the inertial manifold is located. However, one can construct approximate inertial
manifolds, that have provably better quality (Chapter 4.7) than the flat projection.
The original thesis topic was to combine nonlinear Galerkin with a basis coming from a model
reduction technique called proper orthogonal decomposition (POD) on Burgers’ equation as
a way to improve the quality of the reduced model. The results were disappointing, so
we ran nonlinear Galerkin on the full model (with a finite element basis) to observe the
improvements over standard Galerkin. Again, the results did not match with the promising
results found in literature. At this point, we decided to take a closer look on the test scenarios
in which nonlinear Galerkin was reported to outperform the standard Galerkin method.
There are several issues that arise with the implementation of nonlinear Galerkin methods
(Chapter 5.2-5.6). The (approximate) inertial manifold theory can be handled most easily in
an eigenbasis of the dissipative operator (Chapter 2.4), which might not be known explicitly.
In the cases where it is known, it is typically a Fourier basis. The resulting spectral methods
are known to have exponential decay of coefficients for smooth solutions. One has to create
very special circumstances for the nonlinear Galerkin method to provide a noticably higher
accuracy than the standard Galerkin method. Also, the computational cost is higher for
nonlinear Galerkin methods. Thus an increase in accuracy alone is not enough to establish
an advantage over standard Galerkin.
A variation on the idea of nonlinear Galerkin is postprocessing the solution of standard
Galerkin by lifting it onto the approximate inertial manifold at final time. Indeed, some of
the examples that showed a significant improvement in the rate of convergence of nonlinear
Galerkin indicated the same improvements with this postprocessing step. The main reason
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(Chapter 6.5) is the combination of trivial dynamics (into an equilibrium) and the choice of
a rough forcing term, that is badly approximated in the finite-dimensional subspace spanned
by the first n Fourier modes. However, as the forcing term is known in advance, its Fourier
coeffiecients are known to arbitrary accuracy, and the approximate inertial manifolds exploit
this additional information to achieve a higher accuracy. In Chapter 6.4 we construct a flat
manifold (i.e. an affine subspace) that uses only the additional information on the forcing
term, and show that postprocessing with this manifold gives the same improvements observed
in the literature.

Chapter 2
Functional Analysis and PDE Toolbox
2.1

Definitions and Conventions

We use the standard definitions of vector spaces, norms, inner products, bounded sets,
closures, normed spaces, completeness, Banach and Hilbert spaces and linear operators.
A bounded linear operator A between two normed spaces X and Y is a linear operator for
which there is an M > 0 such that kAxkY ≤ MkxkX ∀x ∈ X. For unbounded linear
operators there is no such M.
Throughout this thesis all vector spaces are -vector spaces, i.e. scalars are always be realvalued. We also assume Ω to be an open, bounded, connected set in m with a smooth
boundary.
A functional maps a Banach space X into the real numbers. The space of all bounded linear
functionals on a normed space X is called its dual space, denoted by X ∗ . One can identify
elements of a Hilbert space with elements of its dual space, in a way that keeps their norms
identical. This is the result of the famous Riesz lemma:
Lemma 1 Riesz Lemma
Let H a Hilbert space. For each l ∈ H∗ there is a unique y ∈ H such that
l(x) = (y, x) ∀x ∈ H.
Furthermore, kykH = klkH∗ .

4
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2.2

Compactness

A set U in a normed space is compact if every open cover has a finite subcover. In this case
every sequence in U has a convergent subsequence. In finite dimensions a set is compact if and
only if it is closed and bounded. In infinite dimensions this is no longer true. So compactness
theorems are among the most important tools in the infinite dimensional setting.
A compact linear operator is an operator that maps bounded sets into precompact sets, i.e.
into sets whose closure is compact. Put differently, a compact operator transforms bounded
sequences into sequences that have a converging subsequence. If the range of a bounded
operator is finite-dimensional, then it is compact. Moreover, A is compact if and only if
there is a sequence {An } of finite rank operators that converge to A in the operator norm.
Among the most frequently used compact operators are compact embeddings: A space X is
compactly embedded in another space Y (or in short X ⊂⊂ Y ), if the injection of X into Y ,
ι : X → Y, ι(x) = x is compact. One of the most frequently used compact embeddings are
those of Sobolev spaces (most notably H01 (Ω) ⊂⊂ L2 (Ω)), these results are cited in Section
2.5.
There are several compactness theorems that guarantee converging subsequences under certain conditions. One of the most well-known is the Arzela-Ascoli theorem.
Theorem 1 Arzela-Ascoli
Let X be a compact subset of p , and let {fn } be a sequence of continuous functions from
X into q . If fn is uniformly bounded, (there exists an M > 0 such that kfn k ≤ M ∀n) and
equicontinuous (∀ε > 0 ∃δ > 0 such that |x − y| ≤ δ ⇒ |fn (x) − fn (y)| ≤ ε independent of
n), then there is a subsequence that is uniformly converging on X.
We need an extension of this theorem ([32]) to continuous functions on Banach spaces for
the existence proof of inertial manifolds in Chapter 4:
Theorem 2 Arzela-Ascoli, Banach Space Version
Let (X, d1 ) be a compact metric space, and (Y, d2 ) a complete metric space. Define (C, d3) to
be the (complete) metric space of continuous functions from X to Y . Let A ⊂ (C, d3). The
following are equivalent:
• A is compact
• A is pointwise compact ({f (x) : f ∈ A} is compact ∀x ∈ X) and equicontinuous.
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2.3

Outline of the rest of the chapter

Virtually every paper on inertial manifolds or nonlinear Galerkin methods assumes the following:
“Let A be a positive, self-adjoint, unbounded operator with compact inverse.”
Some mention the (negative) Laplacian −∆ (or more precisely its closure) as an example, and
in fact most dissipative PDEs considered include either the Laplacian or the Bi-Laplacian as
the dissipative linear term. The above characterization guarantees an orthonormal basis of
the underlying Hilbert space consisting of eigenfunctions ωk of A, corresponding to positive,
increasing eigenvalues λk → ∞. This basis “diagonalizes” A:
A =

∞
X

λk |ωk ihωk |.

k=1

This remarkable property can be exploited both on the theoretical and on the computational
side. First and foremost, it is easy to see which subspaces are left invariant by A: All spaces
X = span{ωk : k ∈ S} with S ⊂  are A-invariant. Secondly, it makes it easy to find bounds
on the norm of Au for certain u: In Chapter 4 we split H into two orthogonal subspaces:
Pn H = span{ωk : k ≤ n} and its orthogonal complement Qn H. If p ∈ Pn H, we can easily
obtain an upper bound on kApk by
kApk = k

n
X
k=1

λk |ωk ihωk |pik ≤ kλn

n
X

|ωk ihωk |pik = λn kpk.

k=1

Similarly, if q ∈ Qn H, we can easily find a lower bound on kAqk by
kAqk ≥ λn+1 kqk.
These bounds are applied e.g. in Section 4.4 for the derivation of the spectral gap condition.
Another advantage of a basis that diagonalizes the dissipative term is connected to the
stiffness of discretizations of disspative PDEs. The diagonal form of the finite-dimensional
approximation of A enables us to exactly integrate the dissipative linear part by a change
of variables. This integrating factor method allows us to compute solutions using large
numbers of modes. The diagonal form can also be used to speed up implicit integrators like
ode15s by using diagonal approximations of the Jacobian.
The rest of this chapter is concerned with understanding how the above assumptions guarantee the existence of an orthonormal basis of eigenvectors, and why the Laplacian satisfies
these assumptions.
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2.4

Eigenfunction Expansions

In finite dimensions we can define eigenpairs of a matrix by the identity
Awj = λj wj ,

(2.1)

We can characterize the eigenvalues of A equivalently by requiring det(A − λI) = 0 or
Ker(A − λI) 6= {0} or Ran(A − λI) 6= m . In infinite dimensions we can not give meaning
to the determinant, and the other three criteria are also no longer equivalent. For a bounded
operator A : H → H, this problem is solved by introducing a new set, the spectrum σ(A),
which in turn is the complement of the resolvent. The resolvent is the set of λ for which
(A − λI) has a bounded inverse. Of course every λ that satisfies (2.1) is in σ(A). But in
general there are other elements of σ(A) that do not satisfy (2.1). The spectrum can be
separated into the point spectrum (the eigenvalues), the residual spectrum and the
continuous spectrum. (In the following we are only interested in very special operators,
and since self-adjoint bounded operators do not have a residual spectrum, and compact
self-adjoint operators have only point spectrum, we will not go into more detail here.)
A bounded operator A in a Hilbert space H is called self-adjoint if
(Au, v) = (u, Av) ∀u, v ∈ H.
In finite dimensions these can be represented by symmetric matrices. We know that in
this case there exists an orthonormal basis of eigenvectors of A in which A is diagonal. In
infinite dimensions a self-adjoint operator might not have any eigenvalues/eigenvectors at
all! However, if the operator is compact, the famous Hilbert-Schmidt theorem guarantees
that the spectrum consists solely of eigenvalues, and furthermore there is an orthonormal
basis of the Hilbert space consisting of eigenvectors of A:
Theorem 3 Hilbert-Schmidt
Let A be a self-adjoint compact operator on a Hilbert space H. Then there is a complete
orthonormal basis {ωk } for H so that Aωk = λk ωk , and if one orders λk in a way that
|λk+1| ≤ |λk | then λk → 0 for k → ∞. In this orthonormal basis A can be written as
A =

∞
X

λk |ωk ihωk |.

k=0

In this sense, compact, self-adjoint operators behave the most like “infinite-dimensional
matrices” and can in fact be well approximated by finite-dimensional matrices (as stated
above) since the λk decrease to 0.
Unfortunately, the classical differential operator, and thus the Laplacian and Bi-Laplacian,
are unbounded operators on L2 (Ω). The Hellinger-Toeplitz theorem implies that an unbounded self-adjoint operator A on H can not be defined everywhere on H. In general it is
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defined only on a dense subset of H, the domain D(A). For unbounded operators there is
a distinction between symmetric and self-adjoint operators.
Symmetric unbounded operators satisfy
(Au, v) = (u, Av) ∀u, v ∈ D(A).
This means that the adjoint A∗ = A on the domain of A, and thus D(A) ⊂ D(A∗ ).
A self-adjoint unbounded operator is a symmetric operator with the additional restriction
that D(A) = D(A∗ ) (since D(A) = H if A is bounded, a symmetric bounded operator is
always self-adjoint). Self-adjoint operators are the ones for which one can extend the spectral
theory from the bounded to the unbounded case.
Proving that an operator is actually self-adjoint (or finding its self-adjoint closure) is a
more difficult task than proving that it is symmetric. Luckily, our goal here is only to find
eigenfunction expansions, and it turns out that for this it is enough to require the operator
to be symmetric.
The key idea is to apply the Hilbert-Schmidt theorem to A−1 . For the inverse to be welldefined, A : D(A) → H has to be one-to-one and onto. Now, let A be symmetric and assume
A−1 exists and is compact. It is easy to see that A−1 is self-adjoint:
Since A is onto, for any arbitrary x, y ∈ H there are u, v ∈ D(A) such that x = Au, y = Av.
Thus:
(A−1 x, y) = (A−1 Au, Av) = (u, Av) = (Au, v) = (x, A−1 y).
We can apply the Hilbert-Schmidt theorem, and it gives us an orthonormal basis of eigenfunctions of A−1 . An eigenfunction of A is also an eigenfunction of A−1 :
Aω = λω

⇐⇒

A−1 ω = λ−1 ω,

so the same basis is also an orthonormal basis of eigenfunctions of A, and we proved the
following:
Corollary 1 Let A be an unbounded, symmetric operator on a Hilbert space H, with compact
inverse. Then there is a complete orthonormal basis {ωk } for H so that Aωk = λk ωk . If one
orders the λk in a way that |λk+1| < |λk |, then |λk | → ∞ for k → ∞. In this orthonormal
basis A can be written as
∞
X
A =
λk |ωk ihωk |.
(2.2)
k=0

2.5

Sobolev Spaces

Corollary 1 gives us conditions, under which we are able to diagonalize an unbounded operator. The next step is to show that there is a suitable extension of the Laplacian that
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satisfies these conditions. As the name suggests, an extension Â of A extends A to a larger
domain, i.e. Â = A on D(A) and D(Â) ⊃ D(A).
The inverse of the negative Laplacian is the solution operator to the elliptic PDE −∆u = f ,
subject to some boundary conditions, where the spaces for u and f are yet to be determined.
Showing that under suitable conditions on u and f the solution operator is compact requires
existence and uniqueness results for the PDE. For this we need to sufficiently generalize the
notion of a derivative. Spaces that ensure the existence of these “weak” derivatives are called
Sobolev spaces.

Definitions
Suppose that u ∈ C 1 ( ). Integrating against smooth test functions with compact support
(denoted by the space Cc∞ ( )), and performing a simple integration by parts gives:
Z
Z
du
dφ
∞
 dx φdx = −  u dx dx ∀φ ∈ Cc ( ).
The weak derivative is based on this fundamental equality.
Definition 1 If for any u ∈ L1loc (Ω), there exists a v ∈ L1loc (Ω) such that
Z
Z
dφ
vφdx = − u
dx ∀φ ∈ Cc∞ (Ω),
dx
j
Ω
Ω
then v is called the weak derivative of u with respect to xj , written v = Dj u.
A convenient way to extend this to higher order, mixed derivatives
in n is to introduce
Pn
n
multi-indices: let α = (α1 , . . . , αn ) ∈  0 and define |α| =
j=1 αj , then the α-th weak
α1 α2
αn
derivative v = Dα u = D1 D2 · · · Dn u has to satisfy the equality
Z
Z
|α|
uD αφdx, ∀φ ∈ Cc∞ ( ).
vφdx = (−1)
(2.3)
Ω

Ω

With this notion we can now define Sobolev spaces:
Definition 2 The Sobolev space W k,p (Ω) is defined as
W k,p (Ω) = {u : D α u ∈ Lp (Ω),

0 ≤ |a| ≤ k},

with the norm
kukW k,p =


 X


0≤|α|≤k

kD α ukpLp

1/p



.
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Contrary to the spaces C α (Ω), Sobolev spaces are “nice” spaces:
Theorem 4 W k,p(Ω) is a separable Banach space, i.e. it is complete and has a countable
dense subset.
Thus limits of convergent sequences in W k,p stay inside W k,p. We will only use the Sobolev
spaces H k = W k,2. Since L2 is a Hilbert space, we can define an inner product on H k and
make it into a Hilbert space by defining the following inner product:
X
((u, v))H k =
(D α u, D αv)L2 .
0≤|α|≤k

Obviously this inner product is consistent with the norm defined above for H k (Ω). The
separability property of H k gives us the possibility to define a Hilbert basis.
Differentiability almost everywhere is not enough to guarantee the existence of weak derivatives (in the 1D case, the relation does not hold for any piecewise differentiable function
that has jumps). An even greater generalization deals with this problem: We can view both
integrals in (2.3) as functionals on D(Ω) = Cc∞ (Ω), i.e. as distributions in D 0 (Ω):
Z
Lu (φ) =
uφdx ∀φ ∈ D(Ω).
(2.4)
Ω

If a functional can be written this way, it is called a regular distribution. Every u ∈ L1loc (Ω)
can be embedded in D 0 (Ω) by identifying it with the regular distribution generated by (2.4).
We can then generalize the notion of the weak derivative to distributional derivatives by
extending (2.3) to all distributions:
Definition 3 For u ∈ D 0 (Ω), the distributional derivative is defined by
hD α u, φi = (−1)α hu, D αφi.
The beautiful thing about distributional derivatives is the fact that they are defined for
every distribution, which means we can take the α-th derivative for any multi-index α.
It also means that we can make sense of a derivative for every u ∈ L1loc (Ω), for instance
functions with jumps mentioned above (their distributional derivative has a component that
is the well-known “delta-distribution”)

Boundary values and the trace theorem
One difficulty that naturally arises with Sobolev spaces is that strictly speaking one always
consideres equivalence classes of functions that differ only on sets of measure zero. Solutions
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of PDEs usually have to satisfy some sort of boundary condition. The boundary of the
domain Ω is a set of measure zero, so the classical way of satisfying boundary conditions does
not make sense. The trace theorem provides a work-around: It states that we can extend
the notion of boundary values from equivalence classes with continuous representatives to
all of H 1 in a unique way:
Theorem 5 Trace theorem
Let Ω be a C 1 -domain. Then there exists a unique bounded linear operator (the trace operator)
T : H 1(Ω) → L2 (∂Ω),
such that
T u = u|∂Ω

∀u ∈ H 1(Ω) ∩ C 0 (Ω).

We can now automatically enforce boundary conditions on Sobolev functions by restricting
them to a subspace of a Sobolev space. A common type of boundary conditions are homogeneous Dirichlet boundary conditions, that enforce the trace to be zero: T u = 0. The
subspaces of H k (Ω)-functions with such restrictions are called H0k (Ω). Cc∞ (Ω) is dense in
H0k (Ω):
Lemma 2 H0k (Ω) is the completion of Cc∞ (Ω) in the H k -norm.
It is possible to define a simpler norm in H01 (Ω) that is equivalent to the H 1 (Ω)-norm by
using Poincaré’s inequality (recall that Ω is a bounded domain).
Proposition 1 Poincaré’s inequality: There is a C > 0 such that
|u| ≤ C|Du| ∀u ∈ H01 (Ω).
Thus we can omit the terms with |α| = 0 in the definitions of the norm and the inner product:
X
kukH01 =
|D α u|,
|α|=1

((u, v))H01 =

X

(D α u, D αv).

|α|=1

Since we can take the k-th weak derivatives and Cc∞ (Ω) is dense in H0k (Ω), we can view its
dual space as the space in which one can take the k-th distributional derivative:
hD α u, φi = (−1)|α| hu, D αφi ∀φ ∈ H0k (Ω),

|α| ≤ k.
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Definition 4 H −k (Ω) is the dual space of H0k (Ω).
The Riesz lemma gives an isometry between L2 (Ω) and L2 (Ω)∗ and therefore provides a
method to embed L2 (Ω) in H −1(Ω):
ι : L2 (Ω) → H −1 (Ω), hι(f ), vi = (f, v) ∀v ∈ H01 (Ω),
which gives us a whole sequence of nested spaces H k+1(Ω) ⊂ H k (Ω) ∀k ∈  . In fact their
distributional derivatives obey the following lemma:
Lemma 3 If u ∈ H k (Ω)

k ∈  , then D α u ∈ H k−|α| (Ω).

To prove that the inverse of the Laplacian is in fact a compact operator, we need the following
compact embedding theorem:
Theorem 6 Rellich-Kondrachov compactness theorem
Let Ω be a bounded C 1 domain. Then H 1 (Ω) is compactly embedded in L2 (Ω).

Periodic Functions
Apart from Dirichlet boundary conditions we can also look at functions that are L-periodic
in each direction on the hypercube Q = [0, K1 ] × . . . × [0, Km ]:
u(x + Kj ej ) = u(x),

j = 1, . . . m,

K∈

 m.

The functions Cp∞ (Q) refer to those in C ∞ ( ) satisfying this periodicity condition.
We can define periodic Sobolev spaces as follows:
Definition 5 The Sobolev space Hps (Q) is the completion of Cp∞ (Q) with respect to the H s
norm

1/2
X
kukH s = 
kD α uk2L2 (Q)  .
0≤|α|≤s

Since we can write a periodic function as a formal Fourier series, it is interesting to describe
Hps (Q) by the behavior of its Fourier coefficients:
Proposition 2
Hps (Q) =

(

u:

u=

X

k∈



m

ck e2πik·x/L ,

ck = c−k ,

X

k∈



m

)

|k|2s |ck |2 < ∞ .
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The analogon to H0k (Ω) is the space of functions in Hps (Q) with zero mean:
Definition 6

s
Ḣ p (Q)

=



u∈

Hps (Q)

:

Z



u(x)dx = 0 .
Q

For these functions one can prove a Poincaré inequality:
Lemma 4 Poincaré inequality
If u ∈ Ḣps (Q), then
|u| ≤



L
2π



|Du|.
s

For negative powers, Hp−s (Q) is defined to be the dual space of Ḣ p (Q), and we get similar
nested spaces as for Dirichlet boundary conditions. We also get the same compactness result:
Theorem 7 Rellich-Kondrachov compactness theorem
H 1 (Q) is compactly embedded in L2 (Q).
Thus we have the same tools for periodic boundary conditions as we have for homogeneous
Dirichlet conditions. The following section only deals with the Laplacian subject to Dirichlet
conditions, but the same results can be derived analogously for the periodic case.

2.6

−∆: A Positive, Symmetric, Unbounded Operator
with Compact Inverse

The notion of the weak derivative enables us to generalize the Laplacian to a symmetric
operator that is invertible on H = L2 (Ω). We assume Dirichlet boundary conditions. Then
the inverse of the negative Laplacian (mapping f to u) is the solution to the Poisson equation:
−∆u = f,

u = 0 on ∂Ω.

One can take this equation literally, which leads to classical solutions, formally stated as:
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Definition 7 Classical Solution:
• For a given f ∈ C 0 (Ω),
• find a u ∈ C 2 (Ω) ∩ C 0 (Ω)
• with u = 0 on δΩ
such that −∆u(x) = f (x) ∀x ∈ Ω.
Obviously, this is too restrictive, since f has to be continuous, but we want ∆ to be invertible
on all of L2 (Ω). By taking weak derivatives instead of classical derivatives, and requiring
the equation to hold in the L2 -sense, we get strong solutions:
Definition 8 Strong Solution:
• For a given f ∈ L2 (Ω),
• find a u ∈ H 2 (Ω) ∩ H01 (Ω)
such that −∆u = f in the L2 -sense.
We incorporated the boundary condition into the solution space, but it is still a complicated
space. Finally, for weak solutions we multiply by “appropriate” test functions and integrate:
Z
Z
− ∆u(x)φ(x)dx =
f (x)φ(x)dx.
Ω

Ω

An integration by parts makes it possible to choose u merely to be in H01 (Ω) (again incorporating boundary conditions) for the left-hand side to make sense. For this we have to require
the test functions φ to be in Cc1 (Ω), and thus in H01 (Ω), since Cc1 (Ω) is dense in H01 (Ω):
Z
Z
∇u(x) · ∇φ(x)dx =
f (x)φ(x)dx ∀φ ∈ H01 (Ω).
Ω

Ω

In general, a function u ∈ H01 (Ω) has second derivatives in H −1 (Ω) (cf. Lemma 3). The
right-hand side does not need to be a regular distribution, but in fact any element in H −1 (Ω).
We can also write the (generalized) negative Laplacian as the linear operator
Z
1
−1
A : H0 (Ω) → H (Ω)
Au(φ) =
∇u(x) · ∇φ(x)dx.
Ω

We write the standard pairing y(x) of a functional y ∈ H −1 (Ω) = (H01 (Ω))∗ applied to a
function x ∈ H01 (Ω) as hy, xi. With this notation we can state the weak solution of Poisson’s
equation as follows:
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Definition 9 Weak Solution:
• For f ∈ H −1 (Ω),
• find u ∈ H01 (Ω)
such that hAu, φi = hf, φi ∀φ ∈ H01 (Ω) , or in short: Au = f in H −1 (Ω).
The reason weak solutions are so useful from a theoretical point of view is the fact that the
existence/uniqueness theory reduces to a simple application of the Riesz lemma:
Theorem 8 For f ∈ H −1 (Ω), the weak form of the Poisson-equation has a unique solution
u ∈ H01 (Ω). Moreover, kukH01 (Ω) = kf kH −1 (Ω) .
Proof
R
With Poincaré’s inequality ((u, v)) = Ω ∇u · ∇vdx defines an equivalent inner product on
H01 (Ω). By definition, hAu, φi = ((u, φ)), so we need to solve
((u, φ)) = hf, φi ∀φ ∈ H01 (Ω).
This is exactly what the Riesz lemma guarantees: every bounded linear functional f on a
Hilbert space H can be written as the inner product with an element u ∈ H01 (Ω) that has
the same norm as f .

We now know that the negative Laplacian can be inverted on all of H −1 (Ω), and the solutions
are elements of H01 (Ω). Since we can embed L2 (Ω) into H −1 (Ω), the solution operator maps
L2 (Ω) into H01 (Ω), and by Rellich-Kondrachov compactness theorem H01 (Ω) is compactly
embedded in L2 (Ω). Putting these facts together, we have that the solution operator A−1 is
a compact operator from L2 (Ω) into L2 (Ω). It is self-adjoint (since A = −∆ is symmetric)
and thus has an orthonormal basis of eigenfunctions. Due to Corollary 1, the same basis is
also an eigenbasis of −∆.

2.7

Fractional Power Spaces of Positive Operators

A positive operator satisfies the following inequality:
(Au, u) ≥ Ckuk2 .
From Corollary 1 it is easy to see that A is positive if all eigenvalues are positive. In this
case, we can define fractional powers of A by
Aα =

∞
X
k=0

λαk |ωk ihωk |.
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The domain of Aα is D(Aα ) = {u ∈ H : kAα uk < ∞}. D(Aα ) becomes a Hilbert space under
the inner product (u, v)D(Aα) = (Aα u, Aα v). Furthermore, D(Aα+ε ) is compactly embedded
in D(Aα ).
We need this notion to specify the smoothness of the nonlinear term (i.e. the forcing function) in Chapter 6, where we look at Au = −uxx on [0, π] with homogeneous Dirichlet
2
boundary
q conditions. In this case the orthonormal L -basis of eigenfunctions is given by
ωk = π2 sin(kx), the corresponding eigenvalues are λk = k 2 . The forcing term will be the
following hat function:



0
x ∈ 0, π4




π π

 4 x− π
x
∈
,
π
4
4 2
f (x) =



π 3π
4 3π

−
x
x
∈
,

π
4
2 4


 3π 

0
x ∈ 4 ,π .
P
The eigenfunction expansion of f is easily computed as ∞
k=1 ck ωk where the coefficients are
(
0 q
k even


ck =
8
2
sin kπ
− sin kπ
k odd .
πk 2
π
2
4

The requirement kAα uk < ∞ means
∞
X
k=1

2
λ2α
k ck

=

∞
X
k=1

k 4α c2k

=M

∞
X

k 4α−4 < ∞

k=1

(since the other terms are bounded). This is true as long as 4α − 4 < −1 or α < 3/4. Thus
we have shown that f ∈ D(Aα ) for α ∈ [0, 3/4).

Chapter 3
Dynamical Systems
In this and the following chapter we look at the asymptotic behavior of solutions to dissipative
PDEs. Naturally, this requires knowledge about at least existence of solutions for all positive
times. However, existence and uniqueness results are not our main concern, and we assume
in the following that the PDE in question is known to have unique solutions for all t > 0.
In this chapter we introduce important concepts of the theory of dynamical systems that we
need for the theory of inertial manifolds.

3.1

The Semigroup operator

Let u(t) be the unique solution to an autonomous PDE, with initial condition u(0) = u0 .
Then we can define a semigroup operator S(t) : H → H for all t ≥ 0 by
S(t)u0 = u(t),
where u(t) is the solution of the initial value problem to the initial value u0. The semigroup
operator has the following properties
S(0) = I
S(t)S(s) = S(s + t).
Moreover, if the solutions to the PDE depend continuously on the initial condition, then
S(t)u0 is also continuous in u0 and t. Such a semigroup is called strongly continuous. A
semigroup is injective (or backwards unique), if, whenever two trajectories coincide at
some time t1 , they are in fact equal:
S(t1 )u0 = S(t1 )v0

for t1 > 0 ⇒ u0 = v0 .
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A semidynamical system is the phase space H together with the semigroup operator
(H, {S(t)}t≥0 ).
Our main goal in this chapter is to explore the behavior of a semidynamical system for
t → ∞. If the system is dissipative (see below), all trajectories eventually wander into a
compact set B and then stay inside B for all times: B is said to absorb all trajectories. In
this case it is possible to prove the existence of a set A, that attracts all bounded sets: every
trajectory approaches this set arbitrarily closely, although it might never reach it, and the
rate of attraction might be arbitrarily slow.
Losely speaking, qualitative information about the asymptotic behavior of trajectories is
concentrated to A. So, in theory, we can reduce the complexity of our task by focusing only
on these sets. Of course this comes with a price: Each trajectory has a transient phase before
it gets sufficiently close to A for A to determine its behavior. By restricting our attention to
A (and to inertial manifolds in the next chapter) we can not obtain any information about
this transient phase.

3.2

Dissipativity and Invariance

Definition 10 S(t) is called (bounded) dissipative, if there exists a compact set B such
that for each bounded set X there exists a time t1 (X) for which the following holds:
S(t)X ⊂ B

∀t ≥ t1 (X).

B is then called an absorbing set.
The existence of compact absorbing sets for the K-S equation as well as many other PDEs
(including 2D Navier-Stokes and many reaction-diffusion equations) is proved in e.g. [46].
A related definition is that of a positively invariant set. Such a set Y is mapped into itself
by S(t):
S(t)Y

⊆ Y

∀t ≥ 0.

⊇ Y

∀t ≥ 0.

Similarly, Y is negatively invariant, if
S(t)Y

An invariant set then is a set that is both positively and negatively invariant, i.e. it is
mapped onto itself:
S(t)Y

= Y

∀t ≥ 0.

(3.1)
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If the semigroup operator is backwards-unique on an invariant set, we can define its inverse
S(−t). In this case
S(t)Y

= Y

∀t ∈

.

An absorbing set is not necessarily positively invariant. This can easily be seen by observing
that every compact set X that includes an absorbing set B is also an absorbing set, but
trajectories in X might first leave it first before they come back and stay in B for all t > t1 .

3.3

Limit Sets and Attractors

If we want to describe the asymptotic behavior of trajectories, it is natural to look at limit
points of the trajectory. The set of all limit points of a set X is called the ω-limit set of
X:
ω(X) = {y : ∃ tn → ∞,

xn ∈ X with S(tn )xn → y}.

An equivalent characterization is
ω(X) =

\[

S(s)X.

t≥0 s≥t

Definition 11 The global attractor A is a maximal compact invariant set (i.e. a compact
invariant subset that includes every other compact invariant subset),
S(t)A = A
, that attracts all bounded sets:
dist(S(t)X, A) → 0

for t → ∞

, where dist(X, Y ) = supx∈X inf y∈Y |x − y|.
For a dissipative system there is an easy way to describe the global attractor.
Theorem 9 If S(t) is dissipative and B is a compact absorbing set then there exists a global
attractor A = ω(B). If H is connected then so is A.
The global attractor A has some important structural properties: Obviously it contains all
fixed points and periodic orbits. In fact all complete bounded orbits (i.e. bounded orbits
that are defined for all t ∈ ) are contained in A. Moreover, if S(t) is backwards unique on
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A, then A consists only of complete bounded orbits. In this case, the semidynamical system
restricted to A is actually a dynamical system: (A, S(t)t∈ ).
The restriction to the (semi-)dynamical system on the global attractor yields a somewhat
“smaller” system (even though the attractor itself might have a complicated geometry).
This raises the question of how much information we loose about trajectories that are not
contained in the global attractor, or how well the trajectories on the attractor mimic the
behavior of solutions that start far away from A.
Each trajectory approaches the global attractor as a whole. But there is an even more
interesting “shadowing” relationship between an arbitrary trajectory and the trajectories on
the global attractor: As time passes, a trajectory will be closer and closer to some trajectory
on A (thus “shadowing” it) for longer and longer time intervals. There are no trajectories
that move “perpendicular” to every trajectory on A for all times.
Theorem 10 Let u(t) be a trajectory of a semidynamical system with a global attractor A.
Then there is
• a sequence {εn }∞
n=1 with εn → 0,
• a sequence of “switching” times {tn }∞
n=1 with tn+1 − tn → ∞ for n → ∞,
• a sequence of initial values {vn }∞
n=1 with vn ∈ A,
such that
|u(t) − S(t − tn )vn | ≤ εn

for

tn ≤ t ≤ tn+1 .

Moreover, |vn+1 − S(tn+1 − tn )vn | → 0 for n → ∞.
We will encounter this shadowing property again with inertial manifolds, in fact we will see
an even stronger version of shadowing, where it is not necessary to switch trajectories to
“track” a trajectory u(t) from the manifold.
As mentioned, there is no statement about the rate of convergence of an arbitrary trajectory
towards the global attractor. Under stronger assumptions, one can show the existence of
exponential attractors, where the rate of attraction is guaranteed to be exponential.
The main issue with global attractors, however, is their difficult geometry. One way to
measure their geometric complexity is to obtain estimates on their Hausdorff- or fractal
dimension. Many semigroups (e.g. that of the K-S equation) have indeed a finite-dimensional
attractor, which suggests that the asymptotic behavior of solutions is governed by only a
finite number of “degrees of freedom”. Finding a finite-dimensional parametrization of the
attractor is a difficult task and subject of current research. One of the most successful
methods embeds the attractor in a Lipschitz manifold over a finite-dimensional domain.
These manifolds are called inertial manifolds.

Chapter 4
Inertial Manifolds
Our aim in this chapter is to find conditions under which the global attractor of a dissipative
semidynamical system
u̇ + Au + F (u) = 0

(4.1)

can be embedded in a Lipschitz manifold M (the inertial manifold). A gentle introduction
into the theory of inertial manifolds can be found in [36], [44] and [40].
We split the phase space H into a finite dimensional component P H and its orthogonal
complement QH = (I − P )H, P and Q being the orthogonal projectors onto the repective
subspaces. In the following we denote the projections of an arbitrary trajectory u(t) = S(t)u0
onto P H and QH by p(t) = P u(t), q(t) = Qu(t).
The linear dissipative operator A : H → H is assumed to be an unbounded, self-adjoint, positive operator with compact inverse. From Section 2.4 we know that there is an orthonormal
basis of H consisting of eigenvectors of A. We choose P H to be the span of the eigenvectors corresponding to the first n eigenvalues, and QH its orthogonal complement. This has
the advantage that A is diagonalized by this basis. Therefore, A leaves both P H and QH
invariant, or put differently, the projection operators commute with A:
P A = AP,

QA = AQ.

For obtaining inequalities later on, the two eigenvalues λ = λn and Λ = λn+1 are essential.
The nonlinear term F (u) in (4.1) might in general contain derivatives and thus decrease
smoothness. A convenient way to express this is to use fractional power spaces of A. Here
we assume that F : D(Aα ) → D(Aβ ) is locally Lipschitz with α − β ≤ 1/2. The condition
on α − β allows us to easily derive bounds in the proof of the spectral gap condition. It can
be relaxed to α − β < 1.
Furthermore, we assume a positively invariant, absorbing set B. After preparing the equation
appropriately (essentially cutting off the nonlinear term in a way that does not affect it in B,
21
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see below), we can construct the inertial manifold as the graph of a function φ that maps P H
into QH. Since the prepared equation is identical to the original in B, its inertial manifold
restricted to B is also a positively invariant inertial manifold of the original equation (recall
that by definition, all asymptotic behavior takes place inside an absorbing set).

4.1

Preparing the Equation

Assume B is contained in a sphere Ωρ of radius ρ. Then we can define a cut-off function
θ
θ(r)
θ(r)
|θ(r)0|

∈
=
=
≤

C ∞ ( , [0, 1])
1 ∀r ≤ 1
0 ∀r ≥ 2
2,

and replace F (u) with
R(u) = θ(|u|/ρ)F (u).
This will not affect the asymptotics of (4.1) since for |u| < ρ, R(u) = F (u). Furthermore,
since du/dt + Au = 0 is dissipative, B will still be an absorbing set. However, R(u) now is
globally Lipschitz with a uniform Lipschitz constant CL . In the following we assume that if necessary - an appropriate preparation has been made and we have a dissipative evolution
equation of the form
du/dt + Au + R(u) = 0,

(4.2)

where R(u) is globally Lipschitz. Together with global boundedness, R(u) has the following
properties:
|R(u)|β ≤ C0 ∀u ∈ D(Aα )
|R(u1) − R(u2 )|β ≤ CL |u1 − u2 |α ∀u1 , u2 ∈ D(Aα )
supp(R) ⊂ Ωρ ≡ {u ∈ D(Aα ) : |u|α ≤ 2ρ}.
Equation (4.2) generates a semigroup S(t) on D(Aα ), the solutions are both forwards and
backwards unique, and for all t > 0, u(t) ∈ D(A1+β ) is more regular than the initial condition
u0 ∈ D(Aα ), with dtd u(t) ∈ D(Aβ ) (see [38], [19]).

4.2

Inertial Manifold, Asymptotic Completeness

Definition 12 An inertial manifold is a
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1. finite-dimensional Lipschitz manifold, constructed as a graph of a Lipschitz function
φ : P H → QH ∩ D(Aα ) :
M = G[φ] ≡ {p + φ(p) : p ∈ P H}, |φ(p1 ) − φ(p2 )|α ≤ l|p1 − p2 |α ,

(4.3)

2. that is invariant:
S(t)M = M,

(4.4)

3. and attracts all orbits at an exponential rate:
dist(S(t)u0 , M) ≤ Ce−kt .

(4.5)

The inertial manifold of the prepared equation (4.2) is shown to be invariant. Restricting
the manifold to M ∩ B yields a positively invariant inertial manifold (since B was assumed
positively invariant) for the original equation (4.1). Bearing this in mind, we focus on the
global inertial manifold of the prepared equation from now on.
The invariance property makes it possible to restrict the dynamics onto M and still get a
closed semidynamical system (M, S(t)). In fact, it reduces the original infinite dimensional
evolution equation to finite dimensions: Each trajectory u(t) on M can be written as u(t) =
p(t) + q(t) using the decomposition of H and then u(t) = p(t) + φ(p(t)) using the definition
of M. One can thus write the evolution equation in its finite dimensional form as
ṗ + Ap + P F (p + φ(p)) = 0.

(4.6)

This form is frequently called the inertial form. Note that even though the unknown
function p(t) is finite dimensional, φ maps into the infinite dimensional space QH, and the
nonlinear operator F has infinite dimensional domain. So the number of degrees of freedom
is indeed finite dimensional, but (4.6) does not immediately lend itself towards numerical
computations.
The question of what space to choose for φ is also partially answered by (4.6): For ODEs,
Lipschitz continuity of the right hand side is needed for existence and uniqueness of solutions.
Thus it makes sense to require φ to be at least Lipschitz continuous.
The rate of attraction towards the global attractor can be arbitrarily slow. The inertial
manifolds we construct in this chapter attract all trajectories exponentially, i.e. the distance
between any trajectory and M decreases as e−µt for some µ > 0 (µ depends on the concrete
trajectory). Note that (exponential) attraction and invariance imply that the global attractor
has to be a subset of M.
The measure of distance toward the manifold is greatly simplified if one can additionally
prove asymptotic completeness:
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Definition 13 Asymptotic completeness
An inertial manifold is said to be asymptotically complete if for any u(t) with u0 ∈ D(Aα )
there is a point v0 ∈ M s.th.
|u(t) − S(t)v0 |α → 0

for

t → ∞.

(4.7)

If the rate of convergence is exponential, this is called exponential tracking.
Asymptotic completeness is a much stronger version of the “shadowing” property that we
encountered in Chapter 3 for global attractors. It means that for each trajectory there is
a trajectory on the manifold that has the same asymptotic behavior, i.e. the asymptotic
dynamics on the manifold capture the asymptotic dynamics of the whole dynamical system.

4.3

The Strong Squeezing Property

For the existence proof we have to make two additional important assumptions. Together
they are called the Strong Squeezing Property (see Figure 4.1). Roughly speaking, the Cone
Invariance Property makes sure that the evolution of a certain manifolds under the semigroup, S(t)M, stays a manifold. The second part, called the Squeezing Property, ensures
that the distance between points, that are not on the same manifold, is decreasing exponentially. Both properties together also imply asymptotic completeness.
Let ψ be some Lipschitz function as in (4.3), and let u1 (t) and u2 (t) be two trajectories on
G[ψ] for all t > 0. Then for their difference
w(t) = u1 (t) − u2 (t) = p1 (t) − p2 (t) + φ(p1 (t)) − φ(p2 (t)),
the following is true for all t > 0 (again, due to (4.3)):
|Qw(t)|α ≤ l|P w(t)|α.

(4.8)

The Cone Invariance Property generalizes this inequality to trajectories that do not
necessarily lie on some G[ψ] for all t > 0.
Definition 14 Cone Invariance Property
If the Lipschitz condition (4.8) holds for any two trajectories at some t0 > 0, then it holds
for all t > t0 :
|Qw(t0 )|α ≤ l|P w(t0)|α ⇒ |Qw(t)|α ≤ l|P w(t)|α

∀t > t0 .

(4.9)
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Put differently, if we define a cone Cl = {w = u1 − u2 : |Qw|α ≤ l|P w|α}, then (4.9) means
that Cl is positively invariant under S(t):
S(t)Cl ⊂ Cl

∀t > 0,

where by S(t)Cl we mean the set {S(t)u1 − S(t)u2 : (u1 − u2 ) ∈ Cl }. As S(t) is not linear in
general, this is not necessarily equal to {S(t)w : w ∈ Cl }.
The Squeezing Property concerns the difference of two trajectories w(t) = u1 (t) − u2 (t)
for which at some t0 > 0 their difference is not in the interior of Cl :
Definition 15 Squeezing Property
If for any two trajectories at some t0 > 0 their difference w(t0 ) satisfies |Qw(t0 )|α ≥ l|P w(t0)|α ,
then w(t) has been “squeezed together” exponentially in the past:
|Qw(t0 )|α ≥ l|P w(t0 )|α ⇒ ∃k > 0 : |Qw(t)|α ≤ |Qw(0)|α e−kt
Q

∀0 < t ≤ t0 . (4.10)

u2(0)

u3(0)
u1(0)

u2(t)
S(t)
u3(t)
u1(t)

P

Figure 4.1: The Strong Squeezing Property

4.4

Existence of Inertial Manifolds - The Graph Transform Method

The Hadamard or Graph Transform method ([37], [38]) is an elegant geometrical way to
prove the existence of inertial manifolds under the hypotheses made above. This is done in
two stages: First, one proves the existence of a manifold that is invariant under S(t). In a
second step that manifold is shown to attract all trajectories exponentially.
Theorem 11 If the Strong Squeezing Property holds, then there exists an asymptotically
complete inertial manifold for equation (4.2).
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Existence of an Invariant Manifold
The idea for the proof of an invariant manifold (S(t)M = M), is to look at the evolution
of a manifold, as a graph of a Lipschitz function φ, under the semigroup S(t). The evolved
manifold Mt is still the graph of a (different) Lipschitz function φt under the assumptions
we made above. Thus we can define operators T (t) on an appropriate space of Lipschitz
functions, and show that they inherit the semigroup properties of S(t). We then use a fixed
point theorem on Banach spaces to conclude that there is a φ such that T (t)φ = φ. The
graph of this φ is an invariant manifold.
The appropriate space Fln mentioned above consists of all
φ : P H → QH ∩ D(Aα )
with the additional constrains:
1. φ is globally Lipschitz: |φ(p1 ) − φ(p2 )|α ≤ l|p1 − p2 |α
2. φ is globally bounded: kφk := supp∈Pn H |φ(p)|α < ∞
3. φ has bounded support: supp(φ) ⊂ Pn Ωρ .
Clearly, Fln is a convex subset of the Banach space of continuous functions C0 (Pn H, Qn H ∩
D(Aα )) and as such a complete metric space.
We look at the evolution of each point u0 = p0 + φ(p0 ) on the graph of some φ ∈ Fln . The
Cone Invariance Property guarantees that under evolution, each u(t) = S(t)u0 can still be
written as u(t) = pt +ψ(pt ) with pt ∈ P H and ψ a Lipschitz function with the same Lipschitz
bound l as φ. We can thus define a semiflow T (t) on Fln that maps φ into ψ by:
G[ψ] = S(t)G[φ] = G[T (t)φ].

(4.11)

To show that T (t) actually maps Fln into itself, we first check the constraints on functions
in Fln . Since supp(R) ⊂ Ωρ , ψ(p) = 0 for |p|α > ρ. This also implies the bound on kψk. The
same Lipschitz bound l is the consequence of the Cone Invariance Property.
To conclude that T (t) maps into Fln , we have to show that the domain of ψ is actually P H,
i.e. there are no “holes” in G[ψ], or P Mt = P H. This is done using a topological argument:
if P Mt had a hole, one could construct a retraction of a ball onto its boundary and hence
get a contradiction (A retraction is a continuous map of a space onto a subspace that leaves
the subspace fixed):
We assume that there is a hole in Mt , i.e. there is a y ∈ P H with y 6= P Mt . Define a
map gφ (t) : P H → P H with gφ (t)(p) = P (S(t)(p + φ(p))). gφ (t) is continuous since φ is
continuous and S(t) is strongly continuous. Moreover, gφ (t) = e−At p for |p|α ≥ 2eAt ρ due to
the preparation of R(u) in equation (4.2), and thus eAt gφ (t) is a continuous map that fixes
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every p with |p|α ≥ 2eAt ρ and by assumption introduces a hole y. One can then construct
a continuous map that retracts Ω2ρ onto its boundary, by composing eAt gφ (t) with the map
that maps each point x ∈ Ω2ρ onto the boundary of Ω2ρ along the line through x and y, a
contradiction.
Thus T (t) maps Fln into itself. In fact, T (t) inherits all semigroup properties from S(t). For
this, we write [T (t)φ](p) as the function that lifts p onto the evolved manifold Mt :
[T (t)φ](p) = QS(t)([gφ (t)]−1 (p) + φ([gφ (t)]−1 p)),
(backwards uniqueness is crucial for gφ (t)−1 to be well-defined). Obviously, T (0) = I. It also
inherits continuity in both t and φ. Now, we can rewrite
S(t)(p + φ(p)) = p(t) + (T (t)φ)(p(t)).
With uφ (p) = p + φ(p) this becomes
uT (t)φ (P S(t)uφ (p)) = S(t)uφ (p).
Using this relation, it is straightforward to prove T (t)T (s) = T (t + s), i.e.
uT (t+s)φ (P (S(t + s)uφ (p))) = uT (t)T (s)φ (P S(t + s)uφ (p)).
To show that T (t) actually has a fixed point, we use the following theorem from Hale [18]:
Theorem 12 Let X be a complete metric space and T (t) : X → X a continuous semigroup
which is completely continuous and dissipative. Then T (t) has a fixed point.
Complete continuity means that T (t)B is precompact for any bounded set B and all t > 0.
As a closed convex subset of the continuous functions, Fln is a complete metric space. To
verify dissipativity and complete continuity, we need to find bounds kT (t)φk and kAε T (t)φk
for some ε > 0. As φ(p) is the Q-projection of some trajectory u(t), this amounts to finding
bounds on |q(t)|α and |q(t)|α+ε . q(t) is governed by the following evolution equation:
q̇ + Aq + QR(u) = 0.
Using the variation of constants formula then gives
Z t
−At
q(t) = e q(0) −
e−A(t−s) QR(u(s)) ds,
0

from which one can obtain bounds on |q(t)|α+ε (with α − β + ε < 1) of the form
|T (t)φ|α+ε ≤ K2 (ε)kφke−Λt + K3 .

(4.12)
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This implies that the set {φ ∈ Fln : φk ≤ 2K3 } is absorbing and thus proves dissipativity of
T (t).
To prove complete continuity, we have to show X = T (t)B is compact for every bounded
set B ∈ Fln . If we can show that X is equicontinuous and pointwise compact, we can apply
the Arzela-Ascoli theorem for Banach spaces (Theorem 2). Since all φ ∈ Fln have the same
Lipschitz bound l, equicontinuity is obvious. For pointwise compactness, i.e. to prove that
the sets {φ(p), φ ∈ X} are compact, we can again use (4.12) to find a uniform bound on φ
in D(Aα+ε ). We can then use the compact embedding of D(Aα+ε ) into D(Aα ) to conclude
that X is indeed compact.
All assumptions of Theorem 12 are thus satisfied, and there exists a fixed point φ of T (t).
Its graph is an invariant manifold.

Exponential Attraction, Asymptotic Completeness
To prove that the invariant manifold obtained above is in fact an asymptotically complete
inertial manifold, we need to show that for any trajectory u(t) there is a trajectory v(t) ⊂ M
such that the distance |u(t) − v(t)|α is exponentially decreasing. The Squeezing Property is
of central importance here, since it defines a cone at each point of u(t) inside which distances
decrease exponentially. The key idea is to prove the existence of a trajectory v(t) on M that
stays inside this moving cone for all times. This allows us to conclude on the asymptotic
completeness and thus exponential attraction of M.
Let Cs (u) = {v ∈ D(Aα ) : |Qw|α ≥ l|P w|α, w = u − v} be the cone attached to a some
point u ∈ D(Aα ), inside which the Squeezing Property holds. The cone casts a “shadow”
V (u) = {v ∈ M : |Qw|α ≥ l|P w|α, w = u − v} onto M. Let Vt = V (u(t)) be the evolving
cone along an arbitrary trajectory u(t). If there is a v0 ∈ M such that its trajectory v(t)
stays inside Vt for all t > 0, then the Squeezing Property guarantees that u(t) is attracted
exponentially towards v(t) and thus towards M.
The complement of Cs (u(t)) is invariant under S(t) by the Cone Invariance Property, M
is invariant as we proved above, so trajectories on M can only leave the shadows Vt , but
never enter it. Thus we can define for tn → ∞ a sequence of points vn inside the shadow
Vtn , such that their backwards-evolution S(t − tn )vn will be in Vt for all t ∈ [0, tn ], in
particular S(−tn )vn ∈ V0 . Thus we have a sequence of points inside V0 of which we know
by construction that their trajectories stay longer and longer in the shadows Vt . As soon
as we know that V0 is compact, we can extract a subsequence that is converging inside V0 ,
say towards v0 . The trajectory S(t)v0 will be inside Vt for all t > 0, for if there was a
t0 > 0 with S(t)v0 6∈ Vt ∀t > t0 , there would be an open neighborhood N 3 v0 such that
S(t)v 6∈ Vt ∀t > t0 , v ∈ N. But then v0 was not the limit point of the subsequence above,
a contradiction.
To prove compactness of V (u), note that since V (u) is by definition closed and contained in
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the finite-dimensional manifold M, it is enough to show that V (u) is bounded, furthermore
since all u ∈ M can be written as p + φ(p) with continuous φ, it is enough to show P V (u)
is bounded in P D(Aα ). Let u = pu + qu , v = pv + φ(pv ). As v ∈ V (u)
|pu − pv |α ≤ l−1 |qu − φ(pv )|α ≤ l−1 (|qu |α + kφk).
Together with |pu − pv |α ≥ |pv |α − |pu |α this gives the required bound on P V (u):
|pv |α ≤ |pu |α + l−1 (|qu |α + kφk).
Assured of the existence of a trajectory S(t)v0 that is shadowed by u(t) for all t > 0, we
can use the Squeezing Property to prove exponential decay of |S(t)v0 − u(t)|α , which in
turn proves exponential attraction and asymptotic completeness for all u(t) = S(t)u0 with
u0 ∈ Ωρ :
|u(t) − S(t)v0 |α ≤
≤
≤
≤
≤

|P (u(t) − S(t)v0 )|α + |Q(u(t) − S(t)v0 )|α
(1 + l−1 )|Q(u(t) − S(t)v0 )|α
(1 + l−1 )|Qu(0) − Qv0 |α e−kt
(1 + l−1 )(|Qu(0)|α + kφk)e−kt
(1 + l−1 )(ρ + kφk)e−kt .

This concludes the proof of Theorem 11.

A Spectral Gap Condition
It is possible to derive a general spectral gap condition that implies the Strong Squeezing
Property and depends only on the gap between the largest eigenvalue λ of P A and the
smallest eigenvalue Λ of QA.
Observe that the Cone Invariance Property (4.9) is assured if for w(t) = u1 (t) − u2 (t)
d
(|Qw(t)|α − l|P w(t)|α) < 0.
dt

(4.13)

The evolution equation is autonomous, so it is sufficient to ensure (4.13) for t = 0.
Starting from 12 dtd |Aα p|2 = (Aα ṗ, Aα p) and 12 dtd |Aα q|2 = (Aβ q̇, A2α−β q), some technical calculations allow us to derive a lower bound for dtd |Qw(t)|α and an upper bound for dtd |P w(t)|α,
given by



d
|q|α
≤ − Λ − CL Λα−β (1 + l−1 ) |q|α
(4.14)
dt
t=0


d
|p|α
≥ −(λ + CL λα−β (1 + l))|q|α /l.
(4.15)
dt
t=0
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Recall that CL was the global Lipschitz constant of the nonlinear operator R(u), and l the
(arbitrary) Lipschitz constant for Fln .
Thus we find the following upper bound for

d
(|Qw(t)|α
dt

− l|P w(t)|α):

d
(|q|α − l|p|α )t=0 ≤ −(Λ − λ − CL Λα−β (1 + l−1 ) − CL λα−β (1 + l))|q|α ,
dt
which is negative provided the following spectral gap condition holds:
Λ − λ > CL Λα−β (1 + l−1 ) + CL λα−β (1 + l).

(4.16)


The Squeezing Property follows from (4.14): Let µ = − Λ − CL Λα−β (1 + l−1 ) , then
d
|q|α ≤ µ|q|α.
dt

The spectral gap (4.16) ensures µ < 0. Integration then gives the Squeezing Property:
|q(t)|α ≤ |q(0)|αeµt .
One can minimize the right hand side of (4.16) with respect to l (which was an arbitrary
constant up to now). The term is minimized by l = (Λ/λ)(α−β)/2 , which gives:
 α−β
2
α−β
Λ − λ > CL λ 2 + Λ 2
.

(4.17)

This spectral gap condition requires that there have to be large enough gaps between
eigenvalues of A, and that they have to occur soon enough if α 6= β, since the size of the
necessary gaps increases with the eigenvalues.

4.5

Other Methods of Proof

There are several other methods of proof for the existence of inertial manifolds ([44]). We
outline their general ideas here for completeness and because each existence proof could
potentially be used for the construction of approximate inertial manifolds (Section 4.7).
The Lyapunov-Perron ([12], [46], [11]) method is similar in spirit to the Graph Transform
method: the inertial manifold is shown to be the fixed point of a particular map. This
method starts off with the projections of the evolution equation on P H and QH:
ṗ + Ap + P R(p + q) = 0
q̇ + Aq + QR(p + q) = 0.

(4.18)
(4.19)
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Now, on the manifold q(t) = φ(p(t)). Plugging this identity into the nonlinear part yields a
nonlinear ODE in p with unique solutions for all t (since P H is finite dimensional and R is
assumed Lipschitz) and a linear abstract ODE in q that depends on p(t):
ṗ = −Ap − P R(p + φ(p))
q̇ = −Aq − QR(p + φ(p)).

(4.20)

Using the variation of constants formula, one can write the solution for q(0) at t = 0 explicitly
as:
Z 0
e−A(t−s) QR(p(s) + φ(p(s)))ds.
(4.21)
q(0) = T φ(p(0)) = −
−∞

If the graph of φ is an invariant manifold, q(0) = φ(p(0)), which makes φ a fixed point of
the operator T . Under the Strong Squeezing Property, T can be shown to be a contraction
and the inertial manifold G[φ] a fixed point.
The Cauchy method ([39], [2]) constructs the manifold as the evolution of a large enough
sphere Γ = {p ∈ P H : |p| = R} in P H:
M =

[

S(t)Γ.

t>0

The Sacker method ([26]) starts from (4.19) and uses q(t) = φ(p(t)):
[φ0 (p)](ṗ) + Aφ(p) + QR(p + φ(p)) = 0,

(4.22)

where φ0 (p) denotes the Fréchet differential of φ at p. Solving (4.18) for ṗ and substituting
that into (4.22) yields the following abstract hyperbolic equation in φ:
[φ0 (p)](−Ap − P R(p + φ(p))) + Aφ(p) + QR(p + φ(p)) = 0.

4.6

Inertial Manifolds for Common PDEs

The existence of inertial manifolds has been proven for a wide variety of dissipative evolution equations, for instance certain reaction-diffusion equations ([46], [2]), the KuramotoSivashinsky equation ([2], [40]), the nonlocal Burgers’ equation ([2]), the Cahn-Hillard equation ([2]) and the Ginzburg-Landau equation ([46]).
Despite this success, the primary motivation for the development of the theory of inertial
manifolds, the 2D Navier-Stokes equation, is still not known to have an inertial manifold. The
existence of an inertial manifold could shed light on whether turbulence is a finite dimensional
phenomenon. For the 3D Navier-Stokes equation, even existence and uniqueness of solutions
is an open question.
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4.7

Approximate Inertial Manifolds

So far, all known existence proofs for inertial manifolds have been nonconstructive - we do not
gain any information about the exact location of the inertial manifold. To make the theory
of inertial manifolds useful for both further theoretical examination and computational use,
we have to find constructive ways to at least approximate φ, and then to measure the quality
of the approximation.
Much research has been done on approximate inertial manifolds (AIMs). These manifolds
that are no longer invariant but attract all solutions into a thin layer around the manifold
in finite time. AIMs can be shown to exist under weaker conditions than e.g. the spectral
gap condition and are thus available even for dissipative PDEs for which an exact inertial
manifold is not known to exist (e.g. 2D Navier-Stokes). In this case the AIMs approximate
the global attractor directly. AIMs are not necessarily constructed as graphs of functions:
some are defined implicitly (see for example the AIM φs of Section 4.7).
The general approach for constructing AIMs is to start off with the projection of the original
evolution equation onto P H and QH:
ṗ + Ap + PR(p + q) = 0
q̇ + Aq + QR(p + q) = 0.

(4.23)
(4.24)

We can then use the fact that on the inertial manifold, q = φ(p) satisfies (4.24), to obtain
a formula for the AIM, either by neglecting or approximating q̇. Some existence proofs that
rely on a fixed-point argument give rise to iterative constructions that yield sequences of
AIMs with ever-increasing accuracy ([4], [46], [3]).
An important issue is the quality of an AIM. Essentially, one wants to measure the distance
between the inertial manifold M and an approximate inertial manifold Mφ :
dist(M, Mφ ),
which is difficult to handle in general, since we do not know more about M than its existence.
One possible measure is given by a uniform asymptotic bound on the difference between a
solution u(t) = p(t) + q(t) and its projection onto the AIM: uφ (t) = p(t) + φ(p(t)), given by
|u(t) − uφ (t)| = |q(t) − φ(p(t))|.
Typically, estimates on the rate of convergence in the spatial dimension n are derived:
|q(t) − φ(p(t))| ≤ Kλ−γ
n+1

∀t > t∗ ,

where K is independent of n, but usually dependent on t and on the particular AIM.
It is then shown that the value of γ for a certain AIM construction of a certain PDE in a
certain norm is larger than the value of γ for the zero manifold.
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For dissipative PDEs, we can immediately construct an AIM: the trivial AIM φ = 0. Since
in this case |u(t) − uφ (t)| = |q(t) − 0| = |q(t)|, the size of an absorbing set gives an estimate
on the neighborhood size. For nontrivial AIMs to be useful, they have to attract solutions
into a thinner neighborhood, i.e. its value of γ has to be larger than the corresponding value
for the zero manifold. The size of the neighborhood depends on smoothness assumptions
(e.g. the forcing term) and also on the particular structure of the PDE in question.
In the following, we review the most common AIM constructions. The primary motivation is
to obtain explicit formulae that approximate existing inertial manifolds, which we can turn
into numerical schemes. The actual implementation raises further issues (for example, all
AIMs constructed below map into an infinite-dimensional space QH), which is discussed in
the next chapter.
Q

Q
u(t)

u(t)

ε
IM
AIM

IM
ε
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Figure 4.2: Approximate inertial manifold and zero-manifold

Steady and Pseudo-Steady AIMs
One of the first published and most popular AIM constructions is the steady AIM φs ([47],
[7]), derived from (4.24) by neglecting the time-derivative:
Aq + QR(p + q) = 0.
A justification for this step is the fact that for n sufficiently large, q and q̇ remain small
compared to p. For all equilibrium solutions the derivative is indeed 0, which means that
these points lie on the exact inertial manifold and the global attractor as well as on the
AIM, thus “threading” them together. This AIM turns the coupled system of equations
(4.23),(4.24) into a differential-algebraic equation:
ṗ + Ap + P R(p + q) = 0
Aq + QR(p + q) = 0.
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One can use a sequence of Picard iterations to approximate φs . This yields a sequence of
pseudo-steady AIMs defined by:
φk+1 (p) = qk+1 = Tp (qk ) = −A−1 QR(p + qk ).
For n (the dimension of P H) large enough, Tp is a contraction on some bounded set ([47])
and φs is the unique fixed point. Applying only one Picard iteration with q0 = 0 yields the
probably most popular AIM in the literature, the Foias-Manley-Temam AIM (FMT AIM)
φ(p) = −A−1 QR(p).

(4.25)

The FMT AIM is discussed for the Navier Stokes equation e.g. in [10], [31], [20], [47], for
the Kuramoto-Sivashinsky equation in [23] and [24], for reaction-diffusion equations in high
space dimensions in [29] and the Cahn-Hilliard equation in [30]. For the forced Burgers’
equation, γ = 23 + α as opposed to γ = 1 + α for the zero manifold, if the forcing term
f ∈ D(Aα ) ([24]).

AIMs based on the Graph Transform Method
Another approach in constructing AIMs is based on the Graph Transform method of proof
described in Section 4.4: Starting out with a simple manifold φ0 (e.g. the flat manifold
with q = 0), we construct better approximations φt of the inertial manifold by applying the
semigroup G[φt ] = S(t)G[φ0 ]. Under the conditions discussed in Section 4.3 this mapping
is a contraction. Thus there is hope that the evolution by a short time τ will improve the
accuracy of the AIM.
The simplest of these AIMs was introduced by Foias, Sell, Titi [12]. To obtain a computationally inexpensive explicit form, q̇ in (4.24) is discretized using a simple implicit-explicit
Euler scheme (implicit in the linear term, explicit in the nonlinear term):
qk+1 + qk
+ Aqk+1 + QR(p + qk ) = 0,
τ
which yields the following explicit AIM rule:
qk+1 = −(I + τ A)−1 (τ QR(p + qk ) + qk ).
Starting with q0 = 0 we get the following simple AIM (the Euler-Galerkin AIM) after one
Euler-step:
q = −τ (I + τ A)−1 QR(p).
Of course one needs to address the question of how to choose a “good” τ for practical
purposes. For estimates on the rate of convergence for the Euler-Galerkin AIM, see e.g. [12],
[26], [9], [42], [23].
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This scheme can be extended e.g. by considering other time discretization schemes ([41])
From a numerical point of view there does not seem to be much difference over using a simple
time discretization scheme for the QH part of the evolution equation, except for the fact
that at each time step the previous q is assumed to be 0.

AIMs based on the Lyapunov-Perron Method
In [40] and [4] a sequence of converging AIMs is constructed, based on the Lyapunov-Perron
existence proof. Similar to the Graph Transform method, the inertial manifold is shown to
be the fixed point of a particular map. We start off with the projection of the evolution
equation on QH, with q = φ(p):
dφ(p)
+ Aφ(p) + QR(p + φ(p)) = 0.
dt
Integrating over [−∞, 0] using the variation of constants formula yields:
Z 0
φ(p0 ) = T φ(p0 ) = −
e−A(t−s) QR(p(s) + φ(p(s)))ds.

(4.26)

−∞

Under the spectral gap condition the operator T is a contraction.
To derive an explicit form for φ, we need an approximation of p(s) for s ∈ [−∞, 0]. We
construct a discrete-time approximation pk ≈ p(−kτ ) for using a simple Euler scheme on
the time-derivative in (4.23):
pk+1 − pk
+ Apk +P R(pk + φ(pk )) = 0
−τ
to get:
pk+1 = (I + τ A)pk + τ Pn R(pk + φ(pk ))
We extend this discrete-time sequence to a continuous-time step function pτ (t) by
pτ (t) = pk for −(k + 1)τ < t < −kτ,
pτ (t) = pN for t ≤ −Nτ.
With pτ instead of p, (4.26) now becomes:
Z 0
τ
eAs QR(pτ (s) + φ(pτ (s)))ds
TN (φ(p0 )) = −
= −

−∞
N
−1 Z −kτ
X
k=0

As

e QR(pk + φ(pk ))ds −

−(k+1)τ

= −A−1 (I − e−Aτ )

N
−1
X
k=0

k = 0, . . . , N − 1

Z

−N τ

eAs QR(pN + φ(pN ))ds
−∞

e−kτ A QR(pk + φ(pk )) − A−1 e−N τ A QR(pN + φ(pN )).
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Under some additional conditions it can be shown that TNτ maps Fl,b into itself and that it
is a contraction.
The AIMs are now constructed by:
φ0 ≡ 0
φN +1 = TNτN (φN ).
It is interesting to note that φ1 (p0 ) = −A−1 QR(p0 ), the well-known FMT AIM of Section
4.7. In [46] it is shown that if the spectral condition holds, then MN = G[φN ] converges
to the exact inertial manifold for τN → 0, NτN → ∞, thus being a convergent sequence
of AIMs. It can also be shown that for N sufficiently large, MN approximate the global
attractor at an exponential rate.
Since this construction involves backwards integration of p, it is not suitable for numerical implementation, unless one uses the time discretization pτ coming from the numerical
integration of p(t).

AIMs approximating q̇
In [43], Temam developed a method of constructing a sequence of AIMs that not only
approximate q but also its higher-order derivatives q (i) . In the following we assume that the
nonlinear term R and the solution q are sufficiently smooth.
We start off with the projection onto QH:
q̇ + Aq + QR(p + q) = 0.
The simplest AIM with q1 = φ1 (p) is defined to be the FMT AIM:
Aq1 + QR(p + 0) = 0.
We define q2 = φ2 (p) through
Aq2 + QR(p + q1 ) = 0.
For the j-th AIM with j > 2, we no longer neglect q̇, but approximate it. We define qj by:
1
qj−2
+ Aqj + QR(p + qj−1 ) = 0.
1
The approximation qj−2
to the time derivative q̇ is not yet known. It is constructed by
taking time-derivatives of (4.24). This in turn introduces higher time derivatives of p and q,
which are approximated by taking higher time-derivatives of (4.23) and (4.24). To solve all
dependencies, the following clever recursion is used: two sequences {qji } and {pij } are defined,
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where pij and qji are the respective approximations of the j-th AIM to the i-th derivative.
i
The term qj−i
is defined by
i+1
i
qj−i−1
+ Aqj−i
+ Q [R(pj−i−1 + qj−i−1 )](i) = 0 i = 0, . . . j − 1,

and pij−i−1 by
(i)
i
pi+1
= 0 i = 0, . . . , j − 2.
j−i−2 + Apj−i−1 + P [R(pj−i−1 + qj−i−1 )]

Observe that the j-th AIM uses approximations to time derivatives of p and q coming
from earlier AIMs. Thus to evaluate the k-th AIM, one has to compute all j-th AIMs for
j = 0 . . . k. The recursion is stopped for the k-th AIM by setting
q0k = 0
p0k = p
qk0 = qk .
This construction is another example of sequences of AIMs with ever-increasing accuracy.
For details, see [43], [6] and [33].

Chapter 5
Nonlinear Galerkin Methods
Nonlinear Galerkin methods were first introduced in [31]. While the standard Galerkin
method solves the PDE by restricting it to a “flat”, finite-dimensional subspace, nonlinear
Galerkin methods solve the PDE on an approximate inertial manifold.
There has been much confusion in the literature about the advantages of the nonlinear
Galerkin method, both in accuracy and computational time. For example, [8] reported huge
computational savings of 40 to 60% over standard Galerkin. However, [14] found exactly
the opposite with a more efficient implicit time integrator. With respect to accuracy, [20]
reports that nonlinear Galerkin shows an improvement if the basis functions are incompatible
with the forcing term at the boundary, whereas experiments in [24] indicate that this is
certainly not the only case: if the forcing term can not be approximated well by the basis
functions, then nonlinear Galerkin shows the same advantages as in the case of boundary
incompatibility.
In the following, we first set up the general framework in which we describe both standard
and nonlinear Galerkin methods. We then look at various issues concerning their application.

5.1

General Framework, Standard Galerkin Method

The setting is identical to the previous chapters: We look at a dissipative PDE of the form
ut + Au + N(u) = 0,

(5.1)

with u(0) = u0 and subject to some boundary conditions. A is a linear, self-adjoint, positive
unbounded operator on a domain D(A) which is dense in some Hilbert space H, and N is
the nonlinear part. Again, we use an orthonormal basis {wk } of eigenfunctions of A, and
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write the solution u(t) in this basis as:
∞
X

u(t) =

ck (t)wk ,

Awk = λk wk ,

hwk , wm i = δkm .

k=1

We split H into the two A-invariant subspaces P H = Pn H, spanned by the first n eigenfunctions of A, and its infinite dimensional orthogonal complement QH = Qn H and rewrite
(5.1) again as the projections onto these subspaces:
pt + Ap + P N(p + q) = 0
qt + Aq + QN(p + q) = 0.

(5.2)

The standard Galerkin method (SGM) now computes a solution y(t) inside P H, setting
q ≡ 0:
yt + Ay + P N(y) = 0.

(5.3)

Comparing this with (5.2), we see that the spatial discretization error committed by
the SGM can be split into two orthogonal components (see Figure 5.1): The subspace
approximation error (SAE) is the error component in QH and is identical to q(t). The
subspace integration error (SIE) is the component in P H, that comes from neglecting
q(t) in the nonlinear term during the integration of (5.3). These terms might be non-standard
in this context. They are borrowed from [22] where they are used in the setting of model
reduction.
Q

eQ
e

eP
P

Figure 5.1: Spatial error decomposition
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5.2

The Nonlinear Galerkin Method

The nonlinear Galerkin method (NLG) does not neglect q(t) completely, but approximates
it using the AIM as a functional relation between p(t) and q(t):
q(t) ≈ φ(p(t)),
assuming that the AIM is given as the graph of a function φ. Put differently, computing
a trajectory in P H (the flat manifold ), the trajectory is computed on the AIM. As with
inertial manifolds, using the (approximate) inertial form, we obtain the following ODE in
P H:
yt + Ay + P N(y + φ(y)) = 0.

(5.4)

The solution computed by the NLG is then given by z(t) = y(t) + φ(y(t)).
Observe that evaluating φ(y) and a higher-dimensional N(y + φ(y)) during time integration
only serves the purpose to reduce the subspace integration error; if this error were negligible,
a single evaluation at the final time t = T would be enough to obtain the improvement in
the subspace approximation error, since the QH-component of the solution is functionally
dependent on the component in P H. However, the two error components are not independent
of each other.

5.3

Rates of Convergence

We have seen in Chapter 4.7 that the quality of an AIM is measured by an estimate on
|q(t) − φ(p(t))|.
Here the trajectory u(t) is known in advance and unaffected by the error committed in the
AIM. For the NLG, this is different: since φ is used to compute y(t), errors caused by the
approximate φ affect both y(t) and φ(y(t)):
|u(t) − z(t)| ≤ |p(t) − y(t)| + |q(t) − φ(y(t))| .
|
{z
} |
{z
}
SIE

SAE

Similar to the rate of convergence for AIMs, bounds on the rate of convergence of the NLG
have been derived in the literature and have the form:
|u(t) − z(t)| ≤ C(t)λ−γ
m+1

(5.5)

(see e.g. [7] for 2D Navier Stokes, [24] for forced Burgers and K-S). The rate of convergence
depends on two factors: the regularity of the solution (which in turn depends on the regularity
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of initial conditions, and the PDE itself, including possible forcing terms), and the quality
of the AIM.
For instance, γ = 1 + α for the SGM applied to the forced Burgers’ equation with a forcing
term in D(Aα ), but γ = 3/2 + α for NLG on the same equation, using the FMT AIM ([24]),
and so it is expected that the NLG outperforms the SGM in terms of accuracy, using a fixed
number of modes.
Even with these theoretical results in favor of NLG, there are several issues with NLG that
one has to be aware of and that we address next.

5.4

Truncating φ

The error decay in the previous section assumes that we evaluate φ exactly. This is not
possible in practice, since φ maps into the infinite dimensional space QH. An implementation
has to truncate φ(p) after a number of modes, say m, i.e. it works with Pm φ(p) instead of
φ(p). The number m should not be too small so that the gain in accuracy is not affected
significantly by the truncation, but it should not be too big either, because the computational
cost of evaluating φ and the nonlinear term N(p + φ(p)) increases with m. Marion et al.
suggested in [31] m = 2n, i.e. the NLG scheme finds a solution in P2n H, with the first
n modes (primary modes) computed directly, and the second n modes (secondary modes)
“enslaved” to the primary modes by φ. A more careful analysis, e.g. in [47] or [24], shows
that this might not be enough to sustain the faster rate of convergence. The difference
between φ(p(t)) and Pm φ(p(t)) can be bounded by |Qm q(t)|, which is the error of the flat
manifold spanned by m instead of n basis vectors. For the above example with Burgers’
equation, we get a bound of the form:
−(1+α)

|φ(p) − Pm φ(p)| ≤ Kλm+1 .
Using the triangle inequality, the difference between q(t) and Pm φ(p(t)) is bounded by:
|q(t) − Pm φ(p(t))| ≤ |q(t) − φ(p(t))| + |φ(p(t)) − Pm φ(p(t))|.
Therefore, to keep the total error in the order of (5.5), we need to make sure that
−(1+α)

λm+1

−(3/2+α)

∼ λn+1

and, since λm ∼ m2 ,
m ∼ (n + 1)(3/2+α)/(1+α) .
If we choose the forcing term f of Section 2.7, for which α < 3/4, we get m ∼ n9/7 .
The issue of truncation described above is in most cases entirely an issue with the forcing
function: The most common nonlinear dissipative PDEs have a “weak nonlinearity,” for
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example uux for Burgers’ equation. For the coefficients ck (t) this becomes a convolution in
Fourier space (see Section 6.1). In this case, if we compute N(p), for example to evaluate
the FMT AIM, at most 2n coefficients are nonzero. All other coefficients are only nonzero
due to the forcing function.

5.5

Appropriate test scenarios for NLG

By design, NLG methods require initial conditions that are sufficiently close to the AIM,
since all the dynamics are restricted to the AIM. During the transient phase, in which a
solution is far away from the AIM, the NLG method can be expected to perform poorly.
This is true for the SGM’s flat AIM as well (this just means that one needs a certain number
of modes to properly resolve the dynamics of the system)
If the eigenbasis coefficients drop too quickly with n → ∞ (e.g. exponentially, which is
typical for (pseudo)spectral methods as long as the solutions are smooth), the NLG will not
improve the solution significantly enough, since the improvement in the rate of convergence
is only algebraic. In other words, the solutions have to be sufficiently irregular. This can be
achieved in two ways:
Firstly, one can look at PDEs that produce steep gradients (shocks). In this case, the Fourier
coefficients decay slowly enough, until enough basis functions are used to fully resolve the
steep gradient. Burgers’ equation produces such shocks for small viscosities.
The second possibility used in numerical experiments is to (artificially) introduce a rough
forcing term, such as a spike or discontinuity, that cannot be approximated well by the
eigenbasis functions. However, knowing in advance that a given forcing function can not be
well approximated by the chosen basis functions indicates that the wrong method is used
for the problem. Nevertheless, this method is often used to prove NLG’s superiority, as it
gives very convincing rate of convergence plots.

5.6

Computational Cost

The evaluation of φ and N(p + Pm φ(p)) instead of N(p) increases the computational cost of
the NLG. So in practice, the usefulness of NLG depends not only on a higher rate of convergence, but also on the computational cost with which this increase in accuracy is achieved.
As soon as there is an SGM implementation using more than n modes, that achieves the
same accuracy in less time than an NLG implementation with n primary modes, that particular NLG implementation is rendered useless. A measurement of the computational cost
depends on many different factors, including the choice of the time integration method. A
study on the computational cost of both SGM and NLG, using an efficient time integrator,
has been performed in [14] for the K-S and Allen-Cahn equations. The authors came to the
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conclusion that “for these problems, the nonlinear Galerkin method is not competitive with
either pure spectral Galerkin or pseudospectral discretizations”.

5.7

Postprocessed Galerkin

We mentioned in Section 5.2 that the increased cost of NLG during time integration is used to
decrease the subspace integration error. If this error component is negligible for some reason,
it is not necessary to evaluate φ during integration: here the SGM can be used, and a single φ
evaluation at the final time t = T gives the same improvement in the subspace approximation
error. Since the solution is “lifted” onto the AIM only at the very end, this method is called
“Postprocessed Galerkin.” It was first introduced in [15]. Since postprocessed Galerkin
is identical to the SGM on PH, it can only improve the subspace approximation error.
Interestingly, the authors show several scenarios where such postprocessing yields the same
improvements as the NLG, at practically no additional cost to SGM. All experiments involve
a rough forcing term. With this method, even very expensive AIM constructions seem to
become attractive for practical purposes [33].

Chapter 6
Numerical Experiments
In this chapter we let the SGM, NLG and postprocessed Galerkin (PPG) methods compete
on a problem that is tailored to meet all the restrictions we described in the previous chapter,
so that we can expect a good performance of NLG.
As the dissipative PDE we choose Burgers’ equation, given by
1
ut − εuxx + (u2 )x = f,
2

(6.1)

subject to Dirichlet boundary conditions on the interval [0, π]:
u(0, t) = u(π, t) = 0 ∀t ≥ 0.
In the abstract framework the linear dissipative operator is Au = −εuxx , together with the
boundary conditions from above. The orthonormal basis of eigenfunctions of A is given by
r
2
wk =
sin(kx).
π
The PDE is solved in this Fourier basis; the standard Galerkin method is thus a spectral
Galerkin method. We can control the decay of the Fourier coefficients of the solution by two
parameters: The viscosity ε, decreasing which produces arbitrarily steep gradients (shocks),
and the forcing term f , which can be chosen in a way that its Fourier coefficients decay
algebraically. Observe that without a rough forcing term, the solutions to (6.1) would be
smooth, and we should expect exponential decay of the coefficients, at least after enough
basis functions so that the steep gradients are fully resolved.
The multiplication u2 in physical space (that appears in the nonlinearities of both equations)
becomes convolution in Fourier space, which is slow to evaluate. The remedy is FFT, which
allows us to quickly (O(n log n)) switch between Fourier and physical space. Since our basis
is not consisting of complex exponentials eikx , we need a fast sine transform as well as a fast
cosine transform, based on FFT. Their construction is explained in Sections 6.1-6.1 below.
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For NLG and PPG, we use the FMT AIM. This AIM is expected to perform well because
in the above setting, the solutions approach an equilibrium at which the time derivative is
actually 0.
As the forcing function we use

0





 4 x− π
π
4
f (x) =

4 3π

−
x

π
4



0



x ∈ 0, π4


x ∈ π4 , π2


x ∈ π2 , 3π
4
 3π 
x ∈ 4 ,π ,

(6.2)

for which we derived in Chapter 2.7 that f ∈ D(Aα ) for α ∈ [0, 3/4). As the initial condition,
we choose u0 = sin(x).
This experiment is commonly found in literature. In fact, it has been presented as numerical
evidence for the superiority of the NLG over SGM in [24], and then for the superiority of
PPG over NLG in [15]. We give an explanation of why NLG and PPG have higher rates of
convergence than SGM, as well as why NLG does not perform better than PPG. Moreover,
we identify the main reason for the improvements over SGM and construct a simple static
postprocessing scheme that adds the neglected information from f back into the solution and
shows that as long as the forcing term is the reason for the better accuracy of NLG/PPG,
it gives the same improvements.

6.1

Discrete Fourier Transforms

The discrete Fourier transform (DFT) computes the coefficients c = [c0 , . . . , cN −1 ] of the
complex Fourier polynomial that interpolates a vector of values x = [x0 , . . . , xN −1 ] that are
assumed to be values of a periodic function, sampled on a uniform grid over [0, 1):
xm = p
Let ωN = e

−2πi
N

m
N

=

N
−1
X

ck e2πik( N ) .
m

(6.3)

k=0

, the N-th root of unity. Then the DFT is given by c = F x, with
Fmk =

1 −mk
w
.
N N

−1
mk
= wN
as required
This can be easily shown by verifying that F H F = N1 IN and thus Fmk
H
in (6.3): the entries of E = F F are the inner products of the columns of F :

Elm =

N −1
N −1
1 X kl km
1 X k(m−l)
ω
ω
.
ω
=
N 2 k=0 N N
N 2 k=0 N
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k(m−l)

Obviously, if m = l, Elm = 1/N. If m 6= l, then ωN
m−l
(1 − ωN
)Elm =

1
N2

6= 1 and thus Elm = 0, since:
!
N
−1
N

X
X
1 
N (m−l)
k(m−l)
k(m−l)
= 0.
= 2 1 − ωN
ωN
−
ωN
N
k=0
k=1

The remarkable fact that F H F is the identity (up to a scalar factor) has the following
interesting consequence: The complex exponentials are not only orthogonal in the L2 -inner
product, but also in the n -inner product when evaluated on an equispaced grid.
If the vector x is real, the coefficients c satisfy c−k = ck (with k ∈
k
of ωN
):
N
−1
X

mk
ck ω N

= xm = xm =

k=0

N
−1
X

−mk
ck ω N

=

k=0

 N due to the N-periodicity

N
−1
X

mk
c−k ωN
.

k=0

Therefore we loose a factor of 2 in efficiency by using complex FFT on real data.
Unfortunately, Matlab uses a different convention for FFT: The Fourier transform matrix
−mk
is defined as Fmk = ωN
, the constant 1/N is here in the inverse matrix F −1 . However,
for us it is more convenient to have the constant inside F , for the following reason: Suppose
we want to evaluate the trigonometric polynomial in (6.3) on more than N nodes (say M).
Then with our definition of F , we simply pad the coefficients c with the appropriate number
of zeros. In Matlab’s definition, we would need to correct the constant, too, by multiplying
by N/M.
Matlab provides an FFT implementation, but since the eigenfunctions of A are sine waves,
we need fast sine/cosine transforms (FST, FCT). These are unfortunately not available in
Matlab at this point (Matlab Version 7.0 R14). Luckily, there is a way to compute the
DST and DCT using an existing FFT implementation. The two methods below are derived
much more elegantly in [48] using block matrices, but the approach presented below seems
more intuitive to the author from an interpolation point of view.

Exact Signal Reconstruction, Differentiation
The complex roots of unity satisfy ω N/2+k = ω −N/2−k . On the grid, frequencies higher than
N/2 are therefore indistinguishable from corresponding lower frequencies and we could have
written (6.3) also in the equivalent form:
N/2−1

xm =

X

ck e2πik( N ) .
m

(6.4)

k=−N/2

For an exact reconstruction of a continuous, periodic signal from its values at the gridpoints,
we must require it to be band-limited, i.e. to have frequencies only in a certain frequency
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band. As we have seen in the previous section, c−k = ck for a real-valued signal, so it is
necessary to choose the frequency band symmetrically around 0. Unfortunately, (6.4) is still
not symmetric around 0: the frequency N/2 is not included in the sum. This has a strange
consequence: The discrete saw-tooth function cos(πm) is reconstructed as a complex-valued
function e−iπm by (6.4). The problem can be overcome by enforcing symmetry in the following
way:


N/2−1


X
m
N m
N m
1
(6.5)
ck e2πik( N )  + cN/2 e2πi 2 ( N ) + e−2πi 2 ( N )
xm = 
2
k=−N/2+1


N/2−1
X
m
ck e2πik( N )  + cN/2 cos(πm).
= 
k=−N/2+1

Note that this formula gives the same result on the grid as (6.3). However, if we need to
consider values between gridpoints, this subtle correction becomes important. This is the
case when taking derivatives of the Fourier polynomial: since sin(πm) ≡ 0 on the grid,
every coefficient ck is multiplied by 2πik except cN/2 , which is multiplied by 0. In fact, all
odd derivatives have to be treated analogously: cN/2 is always multiplied by 0. For even
derivatives on the other hand, the cosine term does not disappear, and cN/2 is multiplied by
the appropriate power of 4π 2 k 2 .

Discrete Sine Transform
The discrete sine transform computes the coefficients b of a linear combination of sines that
interpolate a given real vector x = [0, x1 , . . . , xN −1 , 0]:
xm =

N
−1
X

 m
bk sin πk
N
k=1

m = 1, . . . , N − 1.

(6.6)

Note that the interpolating function has a period of 2N and that it automatically satisfies
x0 = xN = 0. Since
 m
m 
1 2πik m
−2πik 2N
2N − e
sin πk
=
e
,
N
2i
(6.6) can be written as

xm =

2N
−1
X
k=0

1
km
bk ω2N
2i

m = 1, . . . , N − 1,

with the constraints b−k = −bk for k ∈  2N (thus bN = 0). We extend x ∈ N to x̃ ∈ 2N
in a way that these constraints are satisfied. Since the interpolating function is 2N-periodic,
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we can simply determine xm for m = −N + 1, . . . , −1:
x−m =

2N
−1
X
k=0

2N
−1
2N
−1
X
X
1
1
1
k(−m)
−km
km
bk w2N
=
(−b−k )w2N = −
bk w2N
= −xm .
2i
2i
2i
k=0
k=0

(6.7)

We now have a fast way of computing the DST: first extend x to length 2N according to
(6.7), then use the FFT to compute the Fourier coefficients, scale the result by 2i, and keep
only the entries m = 1, . . . , N − 1.
It is easy to see that the inverse DST is equal to the DST scaled by N/2.

Discrete Cosine Transform
The discrete Cosine transform is the DST’s counterpart, using cosine waves instead of sines:
xm =

N
X
k=0

 m
ak cos πk
N

m = 0, . . . , N.

(6.8)

Observe that since the endpoints are not forced to be zero (x = [x0 , . . . , xN ]), one needs N +1
cosines, as opposed to N − 1 sines for the DST. The interpolation function is 2N-periodic,
so x0 is not necessarily equal to xN .
Again, we express the cosines in terms of complex exponentials:
 m
m 
1 2πik m
−2πik 2N
2N + e
cos πk
=
e
,
N
2

which allows us to rewrite (6.8) as the Fourier series
xm =

2N
−1
X
k=0

1
km
ak ω2N
2

m = 0, . . . , N − 1.

(6.9)

with the restriction that a−k = ak for k ∈  2N . Extending xm for m = −N + 1, . . . , −1 using
this restriction, we obtain x−m = xm , by the same computation as for the DST.
To compute the DCT quickly, first extend x to length 2N using x−m = xm , then use the
FFT to compute the Fourier coefficients, scale the result by 2, and keep only the entries
m = 0, . . . , N.
The inverse DCT is equal to the DCT scaled by N/2.

Convolution by Collocation, Aliasing
Let u(x) and v(x) in span{e2πikx : k = −N/2, . . . , N/2}, and ûk and v̂m their respective
Fourier coefficients.
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function b=FST(x)
b=iFST(x)*2/(size(x,1)+1);
end

function a=FCT(x);
a=iFCT(x)*2/(size(x,1)-1);
end

function x=iFST(b)
z=zeros(1,size(b,2));
b2=fft([z;b;z;-flipud(b)]);
x=-imag(b2(2:end/2,:))/2;
end

function x=iFCT(a)
x2=fft([a;a(end-1:-1:2,:)]);
x=real(x2(1:end/2+1,:))/2;
end

Table 6.1: Fast sine/cosine transforms and their inverses
Then their product w(x) = u(x)v(x) satisfies:



N/2
N/2
X
X
X
v̂m e2πimx  =
ûk v̂m e2πipx
ûk e2πikx  
w(x) = 
k=−N/2

ŵp =

X

m=−N/2

k+m=p

ûk v̂m .

k+m=p

It is easy to see that ŵ(p) = 0 for |p| > N, or w(x) ∈ S2N (x). Usually, the result is then
projected back to the same space SN by truncating all ŵp with |p| > N/2.
Computing ŵk this way takes O(N 2 ) operations. Using three FFT evaluations, this can be
done using O(N log N) operations. However, a simple

FN FN−1 (û)FN−1 (v̂)

introduces aliasing: due to the low number of sample points (N), the discrete Fourier transform can not resolve frequencies higher than N/2. These appear as ghost-components in the
Fourier coefficients with |p| ≤ N/2. Such aliased spectral methods are called pseudospectral
methods [1].
Aliasing can be avoided by padding: Before the inverse transform, the coefficients are
padded with N zeros:

−1
−1
F2N F2N
(û)F2N
(v̂) ,
and the result is then truncated to the first N entries. This technique gives the same result
as evaluating the convolution sum directly.

6.2

Spatial Discretization for Burgers’ equation

We can now write up the ODE that is used by the SGM. In the following, S denotes the
DST operator and C the DCT operator. The DST coefficients are denoted by û.
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The Standard Galerkin Method
The nonlinear term 12\
(u2 )x evaluated in the following way: since u is a linear combination of
sines, using the trigonometric equality
sin(kx) sin(mx) =

1
(cos((k − m)x) − cos((k + m)x)),
2

we see that u2 is a sum of cosines, and the inverse DCT gives its coefficients.
k sin(kx), and so the sine coefficients of the nonlinear term are given by


−1
k/2 · C2n+2 S2n
(û)2 k+1 k = 1, . . . , n,

(6.10)
d
dx

cos(kx) =

where û is padded to length 2n.

The full ODE for Burgers’ equation is


d
−1
ûk = −εk 2 ûk − k/2 · C2n+2 S2n
(û)2 k+1 + fˆk
dt

k = 1, . . . , n.

(6.11)

The Nonlinear Galerkin Method
The ODE obtained for the NLG has almost the same form as (6.11), except for the nonlinear
part. Recall that in NLG, QN(p + φ(p)) is evaluated instead of QN(p). The FMT AIM has
the form
φ(p) = −A−1 QN(p),
which yields the coefficients of the secondary modes k = n + 1, . . . m, where m = n9/7 as
derived in Chapter 5.4:


 
1 ˆ 
−1
2
ûk =
f
−
C
k = n + 1, . . . , m.
(6.12)
S
(û)
k
2n+2
2n
k+1
εk 2

The thus extended vector is fed into the nonlinear term, so that the inverse DST and DCT
work on m- and m + 2-dimensional vectors instead of 2n and 2n + 2:


d
−1
ûk = −εk 2 ûk − k/2 · Cm+2 Sm
(û)2 k+1 + fˆk k = 1, . . . , n.
(6.13)
dt

6.3

Time Integration:
Stiffness, Integrating Factors, BDF

With the spatial discretization settled, we have to deal with the temporal discretization of
(6.11) and (6.13). The time integration has to be highly accurate so as not to affect the
spatial error behavior that we are primarily interested in.
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Table 6.2: Right-hand sides of Burgers’ for SGM and NLG, as used by ode15s
function Su_t=SGMrhs(t,Sp)
global PDE PDEin;
p
=iFST([Sp;zeros(PDE.n,1)]);
Cp2 =FCT([0;p.*p;0])/2;
NL =PDEin.N.*Cp2(2:PDE.n+1);
Su_t=PDEin.A.*Sp-NL+PDEin.Pf;
end

function Sp_t=NLGrhs(t,Sp)
global PDE PDEin;
u
=iFST(PDEin.AIM(Sp,PDE.nQ));
Cu2 =FCT([0;u.*u;0])/2;
NL =PDEin.N.*Cu2(2:PDE.n+1);
Sp_t=PDEin.A.*Sp-NL+PDEin.Pf;
end

Table 6.3: FMT AIM for Burgers’ equation
function Su=FMTAIM(Sp, nQ)
global PDE PDEin;
dQM = ([(PDE.n+1):nQ]’/2)*2*pi/PDE.dom;
dQN = -dQM(1:PDE.n);
dQAi = 1./(PDE.eps*(dQM.^2));
p
= iFST([Sp;zeros(PDE.n,1)]);
Cp2 = FCT([0;p.*p;0])/2;
QRp = [dQN.*Cp2((PDE.n+2):end-1); zeros(nQ-2*PDE.n,1)];
Sphi= dQAi.*(-QRp + PDEin.Qf(1:(nQ-PDE.n)));
Su = [Sp;Sphi];
end

The dissipative linear term−εk 2 ûk is responsible for the stiff behavior of the above ODEs [5].
Explicit time integrators are forced to choose timesteps so small that they become unfeasible.
There are several ways around this problem.
In our special case, where the dissipative linear term is diagonal, a change of variables trick
frees us entirely from the stiffness problem: Let us write the ODE in question as
ut = Au + N(u),
where A is the diagonal linear dissipative term, and N(u) contains the remaining terms of
the right hand side. Now, a simple change of variables U = e−At u eliminates the linear term:
Ut =
=
=
=

e−At ut − Ae−At u
e−At (Au + N(u)) − Ae−At u
e−At N(u)
e−At N(eAt U).
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Table 6.4: Butcher table for fourth order Runge-Kutta method
0
1
2
1
2

1
2

0 12
1 0 0 1
1
6

1
3

1
3

1
6

The integrating factor method (IF) performs this change of variables during one time
step, more precisely, at time tn it uses U = e−A(t−tn ) u. For the transformed ODE one can
now use a regular non-stiff solver, e.g. an explicit Runge-Kutta method.
We implemented a 4th order Runge-Kutta IF method based on the Butcher table in Figure
6.4 ([5]). Besides its simple structure it can be easily extended to embed a third-order
Runge-Kutta method for step size control.
Suppose for simplicity we start at t = 0 with u0 , and we want to compute u1 at t1 = ∆t. Let
f (t, U) = e−At N(eAt U) be the right-hand side of the transformed ODE. Obviously U0 = u0 .
Then the IFRK4 scheme is given by:
a
b
c
d

=
=
=
=

f (0,
f (∆t/2,
f (∆t/2,
f (∆t,

U0 )
U0 + a/2)
U0 + b/2)
U0 + c)

=
=
=
=

N(u0 )
e−A∆t/2 N(eA∆t/2 (u0 + ∆t · a/2))
e−A∆t/2 N(eA∆t/2 (u0 + ∆t · b/2))
e−A∆t N(eA∆t (u0 + ∆t · c))

∆t
U1 = U0 +
(a + 2(b + c) + d)

6
∆t
A∆t
(a + 2(b + c) + d .
u1 = e
u0 +
6
This can be further optimized by observing that some terms cancel out. We redefine the
coefficients to be:
a
b
c
d

=
=
=
=


∆t
a + 2e−A∆t/2 (b + c) + e−A∆t d
6

∆t A∆t
= eA∆t u0 +
e a + 2eA∆t/2 (b + c) + d .
6

U1 = U0 +
u1

N(u0 )
N(eA∆t/2 (u0 + ∆t · a/2))
N(eA∆t/2 u0 + ∆t · b/2)
N(eA∆t u0 + ∆t · eA∆t/2 c))
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In view of the results in [25] for the IFRK4 method on Burgers’ equation, we expected it
to work well on our problem. We were surprised to find that for increasing numbers of
modes, the time discretization error increased dramatically, to a point where the (fixed)
step size, that is needed to meet our time discretization error tolerance, became so small
that the method becomes infeasible. A step size control based on the embedded third-order
Runge-Kutta with FSAL-trick did not reduce the necessary number of steps significantly.
In [25] this problem does not show up because the experiment is done on Burgers’ equation
without a rough forcing term and with a fixed, moderate number of modes (64). This is the
normal setting in which spectral Galerkin methods are expected to perform well.
Later we found out that the poor performance of IFRK4 has been observed before: in [13]
the same behavior is described; the author explains why for a fixed time step the error is
increasing so rapidly with the number of modes.
Another way to cope with stiffness is to use implicit methods. Implicit methods do not
suffer from the severe step size restrictions due to stiffness. They are computationally more
expensive, however, since they require the solution of a system of equations at each time
step. If the ODE is nonlinear, the system of equations is nonlinear as well, and is solved by
a Newton iteration, which requires the Jacobian of the right-hand side.
We chose a BDF (backward differentiation formula) solver, for several reasons. First, this
was the efficient time integrator that was also used in [14] to compare the computational
performance of SGM and NLG, secondly, it is implemented in Matlab (as ode15s), and
thirdly, the Matlab implementation provides control over the computation of the Jacobian,
which proved to be essential.
The BDF method is a multi-step method. The idea behind a k-step BDF is the following (see
[5], [17] for details): To compute yn+1 , a Lagrange interpolation polynomial p(t) of degree k
is constructed based on yn−k+1, . . . , yn+1. The values yn−k+1 to yn are known. The additional
constraint that defines the polynomial uniquely is to require dtd p(tn+1 ) = f (tn+1 , yn+1). This
results in a nonlinear system of equations, which is solved by a Newton iteration.
The Jacobian of the right hand side of (6.11) is a dense matrix due to the FFT in the
nonlinear part. Computing the full Jacobian becomes unfeasible very quickly (n > 100).
A natural option is to use sparse approximations of the Jacobian. Matlab provides a
way to specify the sparsity pattern (odeset option JPattern) To our dismay, the canonical
choice of only computing the diagonal elements resulted in terrible convergence problems of
the Newton iteration for small values for the error tolerance. We solved this problem by
restricting the Jacobian to the linear term of (6.11) which is responsible for its stiffness. A is
diagonal, and so we provided it as a diagonal approximation to the Jacobian (odeset option
Jacobian). This resolved the convergence problem of the Newton iteration, and after the
trouble with IFRK4, we deeply appreciate the efficiency of this time integration scheme. It
is interesting to note that the very same IFRK4 scheme was used in [8], where a significant
gain in efficiency of NLG over SGM was reported.
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Table 6.5: Fourth order integrating-factor Runge-Kutta
tic;
y=PDEin.y0; t0=PDE.T(1); T=PDE.T(end);
PDEout.t=t0; PDEout.y=y;
tau=PDE.tau; E=exp(PDEin.A*(tau/2)); E2=E.*E;
nMax=round((T-t0)/tau);
nPlot=ceil(nMax/100); nSave=round(PDE.tts/tau);
for k=1:nMax
t = t0+(k-1)*tau;
a = PDEin.rhs(t,y);
b = PDEin.rhs(t+tau/2, E.*(y+a*tau/2));
c = PDEin.rhs(t+tau/2, E.*y +b*tau/2);
d = PDEin.rhs(t+tau,
E2.*y+E.*c*tau);
y = E2.*y + (E2.*a + 2*E.*(b+c) + d)*tau/6;
t = t0+k*tau;
if (mod(k,nSave)==0)
PDEout.t(end+1)= t; PDEout.y(:,end+1)=y;
end
end
if (PDEout.t(end)~=t)
PDEout.t(end+1)= t; PDEout.y(:,end+1)=y;
end;
close(W);
PDE.comptime=toc; PDE.steps=nMax; PDEout.yT=y;

Table 6.6: Using Matlab’s BDF solver ode15s
PDEout = {}
JP = spdiags(PDEin.A, 0, PDE.n, PDE.n);
tic;
odeopt = odeset(’Stats’,’on’,...
’AbsTol’, PDE.TOL,...
’Jacobian’,JP);
[PDEout.t,PDEout.Sp]=ode15s(@PDEin.rhs,PDE.T,...
PDEin.Su0,odeopt);
PDEout.Sp = PDEout.Sp’;
PDE.comptime = toc;
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6.4

Postprocessing Using Only Information of f

It is important to know how much of the increase in accuracy is solely due to the forcing
term f , especially since f is known a priori , and NLG/PPG use more terms of its Fourier
series than SGM. To examine this, we take another look at the FMT AIM, applied to a PDE
with forcing term:
q = −A−1 QN(p) + A−1 Qf.
From this we can construct a simple “dummy AIM,” that only uses information from f :
q = A−1 Qf.

(6.14)

In a sense, this AIM mimics only the energy that is fed directly into the secondary modes by
the forcing term that are neglected by the SGM. We call it dummy AIM because it does not
really deserve the name approximate inertial manifold, since it is completely independent of
p. It merely lifts the solution onto a different flat manifold.
The dummy AIM provides an easy way to separate the total improvement of NLG or PPG
into a component that exploits the information about f and a part that comes from p.

6.5

Experimental Results

In the following, we describe five interesting test scenarios, each varying the viscosity and
the forcing term (i.e. either using exactly (6.2) or an approximation by truncating its Fourier
series after a certain number of modes). For each set of parameters, we computed the solution
at T = 40 obtained using SGM, NLG, PPG, and PPG using the dummy-AIM from Section
6.4 (denoted “DIM” in the plots). At this time the solution has practically reached the
equilibrium. As explained in Chapter 5.4, we set the total number of modes considered by
NLG and PPG to min(2n, n9/7 ).
For the time integration, a local error tolerance of 10−14 was specified. For each simulation,
the global time discretization error was well below 10−12 . These values were obtained by
running the same simulation with different error tolerances ranging from 10−9 to 10−14 .
To measure the spatial error, the solutions were compared against a “reference solution,”
computed using SGM with 8000 modes.
1. For the first set of simulations, we chose the viscosity ε = 0.5 and no truncation of
the forcing term. The solution at T = 40 is shown in Figure 7.1. It has a rather
smooth appearance and there are no steep gradients. Here the slow decay of the
Fourier coefficients is caused by the forcing term alone. The NLG clearly outperforms
the SGM both in accuracy and rate of convergence (similar to [24]). Moreover, the
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PPG shows almost virtually the same convergence as NLG (as observed in [15]). What
might be surprising at first is that postprocessing with the dummy AIM gives results
that are practically identical to the NLG and PPG. Why doesn’t NLG perform better
than postprocessing? Is it unable to reduce the subspace integration error, i.e. is the
effect of q on p unimportant in this test scenario? These questions can be answered
by looking at the subspace integration error (SIE) and subspace approximation error
(SAE) separately (Figure 7.2) As it turns out, the NLG does improve the SIE quite
noticably. However, the SAE is around two orders of magnitude larger, and thus
completely masks the improvement in the SIE. This is the reason why there is no
noticable improvement in the total error, compared to a simple postprocessing step.
Moreover, it is not necessary to evaluate any complicated AIM for the postprocessing,
since the improvement is only due to the forcing term.
2. For the second set (Figures 7.3/7.4), we kept the same viscosity but truncated the
Fourier series of the forcing term after 16 modes. As expected, we obtain spectral
convergence, i.e. the spatial error was below observable accuracy for all n ≥ 32.
3. Next we decreased the viscosity to ε = 0.05, using the untruncated f . The solution at
T = 40 starts developing a steep gradient, which is fully resolved at n = 160 (Figures
7.5/7.6). Before this point, the error of DIM is identical to that of SGM. Afterwards,
the forcing term takes over, and the situation is essentially the same as in the first
case.
4. We decreased the viscosity even further to ε = 0.01, again leaving f untruncated.
The solution develops now a noticable shock, which is resolved only for values of n
greater than 512. Looking at the total error(Figure 7.7), we notice that the NLG no
longer yields significantly better accuracy, and the rate of change is similar to that
of SGM. Both SIE and SAE have comparable magnitudes (Figure 7.8). As expected,
DIM gives results identical to SGM for n ≤ 512. Probably the most surprising fact
here, however, is that PPG has a larger total error than SGM for n ≤ 64, the SAE is
even less accurate. This is of course not in contradiction to the results on the rate of
convergence of the FMT AIM, since the error constants for the FMT AIM and the flat
AIM are not the same. But it is good to bear in mind that postprocessing a solution
with an AIM might affect the accuracy in a negative way for low n.
5. We repeated the previous scenario but truncated the forcing term after 16 modes. As
expected, the result is the same as in the previous scenario until n = 512. Afterwards,
the errors quickly drop below observable accuracy (Figures 7.9/7.10).

Chapter 7
Conclusions and Outlook
Both NLG and PPG require a slow (i.e. algebraic) decay of the solution’s Fourier coefficients.
This is the case either if a faster decay is prevented externally by a forcing term that can
not be well approximated by the basis functions in the subspace chosen for SGM or if the
solution features steep gradients that are difficult to resolve by the basis functions.
We have shown that for Burgers’ equation, the impressive gain in accuracy presented in [24]
and [15] actually comes directly from the forcing term f . The same gain can be achieved by
the dummy AIM of Section 6.4. Thus the improvement stems merely from using available
information about f that the SGM neglects. It is arguable if such a scenario establishes the
practicality of either PPG or NLG, since it is a clear indicator that maybe the choice an
eigenbasis was not appropriate for the problem at hand.
For the case of steep gradients in the solution, the improvements when using NLG or PPG
are far less spectacular. Moreover, postprocessing actually decreased the accuracy of the
solution for a fairly large range of n.
NLG has been proposed as a method for “large time integration” [6]. However, in typical
test scenarios the trajectory moves into a nearby equilibrium, which is not an example
of interesting long-term dynamics. A good example of nontrivial dynamics in one space
dimension is the Kuramoto-Sivashinsky equation. Numerical experiments in [14] showed no
improvement of NLG over SGM in terms of computation time.
The quality of AIMs can be determined most easily using an eigenbasis of the dissipative
term. However, an extension to other spatial discretization schemes like Finite Differences
(Incremental Unknowns, [45]) or Finite Elements [28], where a slower decay of the coefficients
can be expected even for smooth solutions, might prove to be a better setting for nonlinear
Galerkin methods.
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Figure 7.1: Total error for ε = 0.5 and no f -cutoff
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Figure 7.3: Total error for ε = 0.5 and f -cutoff after 16 modes
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Figure 7.4: SIE and SAE for ε = 0.5 and f -cutoff after 16 modes
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Figure 7.5: Total error for ε = 0.05 and no f -cutoff
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Figure 7.7: Total error for ε = 0.01 and no f -cutoff
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Figure 7.9: Total error for ε = 0.01 and f -cutoff after 16 modes
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